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In my last few rapid posts, somewhat reprised in the MO-Q

"Extension of work by Novelli and Thibon on noncommutative symmetric functions and
Lagrange inversion",

I've presented natural relations among the fundamental sets of Lagrange inversion polynomials
couched in terms of power series / o.g.f.s and Laurent series--the associahedra multivariate
polynomials $ [A]$, its right-sided dual $ [N] = [A][A^{(0)}] = [A][R]$, the noncrossing
polynomials / refined Narayana polynomials, with respect to $ [A^{(0)}]=[R]$, the reciprocal
polynomials for o.g.f.s, and its two-sided, or conjugate, dual $ [K] = [A^{(-1)}] =[R][A][R]$, the
special Schur self-Konvolution expansion coefficients, with respect to $ [R]$. The relations
among them are summarized by a doubly infinite ladder of sets of partition polynomials $
[A^{(m)}]$ and $ [N^{(m)}]=[N]^m$ for $ m = 0, \pm1, \pm 2, ..$, i.e., $ m$ any integer:

$$ [A^{(m)}] = [N^{(m)}][A^{(0)}]= [N]^m[R].$$

And, these beasts could be named the $ m$-associahedra, or $ m$-Fuss-Catalan,
polynomials, and the $ m$-noncrossing, of $m$-Fuss-Narayana polynomials. The identity can
also be regarded as a generalized formal face-h-polynomial identity for a fixed rung of the
ladder, e,g, for $ m=0$, relating the refined signed face polynomials of associahedra to is
refined h-polynomials.

Their close cousins, in the family of e.g.f.s, are the classic Lagrange inversion polynomials $
[L]$, its one-sided dual, the refined Eulerian polynomials $ [E] = [L][L^{(0)}] = [L][P]$ with
respect to $[L^{(0)}] = [P]$, the reciprocal polynomials for e.g.f.s, or permutahedra polynomials,
and its two-sided, or conjugate, dual $[RT]= [L^{(-1)}] =[P][E]= [P][L][P]$ with respect to $ [P]$.
The relations among them are, of course, also, summarized by dual, doubly infinite sets of
partition polynomials

$$[L^{(m)}] = [E^{(m)}][L^{(0)}]= [E]^m [P] .$$

These beasts could be named the $m$-Lagrange polynomials and the $m$-Eulerian
polynomials, But, here, the identity

$$ [L^{(m)}][P] = [E^{(m)}]$$

relates, for $ m=1$, the refined, signed face polynomials of the permutahedra to their refined
h-polynomials $ [E]$.



Also,

$$[E]^2 =[L][P][E] = [L][RT] =[L^{(1)}][L^{(-1)}]$$

relates the generalized h-polynomials $[E]^2$ to the generalized f-polynomials of the tropical
$G(2,n)$ (see my MO-Q "[A theory of refined h- and f-polynomials for the permutahedra,
associahedra, noncrossing partitions, and tropical Grassmannians][1]").

In addition, since $[P]^2 = [L]^2=[I]$, the identity for substitution,

$$[RT]^{-1} = ([P][E])^{-1} = [E]^{-1}[P] = ([P][L][P])^{-1} = [P][L][P] =[P][E] = [RT],$$

implying $[RT]^2 = [I]$.

This also begs the question of what the combinatorial interpretations for the analogue

$$[N]^{2} = [A][R][N]= [A][K]=[A^{(1)}][A^{(-1)}]$$

are.

This generalizes to

$$[N]^{2n} = ([A][K])^{n} = ([A^{(1)}][A^{(-1)}])^n $$

and

$$[N]^{2mn} = ([A][K])^{mn} = ([A^{(m)}][A^{(-m)}])^n.$$

Note

$$[A^{(m)}] = [N]^m[A^{(0)}]$$

and, since

$$[A^{(m)}]^{-1} = [A^{(m)}],$$

it follows

$$[A^{(m)}] =[A^{(0)}] [N]^{-m},$$

so

$$[A^{(m)}][A^{(-m)}] =[A^{(0)}] [N]^{-m}[N]^{-m}[A^{(0}] = [A^{(0)}] [N]^{-2m}[A^{(0}].$$



Then

$$[N]^{2m} = [A^{(m)}][A^{(-m)}] = [A^{(0)}] [N]^{-2m}[A^{(0}] =[R] [N]^{-2m}[R].$$

For $m=1$

$$[N]^{2} = [A^{(1)}][A^{(-1)}] = [A^{(0)}] [N]^{-2}[A^{(0}] = [R][N]^{-2}[R]$$

and

$$[N]^{2n} = [R][N]^{-2n}[R].$$

This is consistent with the conjugate duality:

$[N] = [A][R]$, so $[N]^{-1} = [R][A]$, implying

$$[N]^n = ([A][R])^n = [R]([R][A])^n[R] =[R]N^{-n}[R].$$

[1]:
https://mathoverflow.net/questions/441854/a-theory-of-refined-h-and-f-polynomials-for-the-perm
utahedra-associahedra-non


