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In the article "[Refined Lattice Path Enumeration and Combinatorial Reciprocity][1]" (2022), the
authors, Henri Mühle and Eleni Tzanaki, define what they mean by combinatorial reciprocity
(CR) in the eponymous section 4.3 starting on p. 26. In a nutshell, it is a natural extension of a
combinatorial formula / model flagged by the natural numbers to one flagged by the
integers--from a one-sided infinite ladder to a doubly infinite ladder.

M & T focus on an instance of 'Earhart reciprocity' related to the MO-Q "[A combinatorial
interpretation for n-ary trees for negative n][2]", posted by Alexander Burstein. This involves,
from an analytic perspective, extending the formula for the usual Fuss-Catalan numbers (for $m
\geq 2$, in different notations for comparisons with the lit) for $m \geq 0$

$$FC^{(m)}_n = Cat(m,n) = [t^n] B_m(t) = \frac{1}{mn+1} \binom{mn+1}{n}$$

via the rising-to-falling factorial identity (RFFI)

$$ \frac{(-q)(-q-1) \cdots(q-n+1)}{n!} = \binom{-q}{n} = (-1)^n \binom{q-1+n}{n} = (-1)^n
\frac{(q-1+n)(q-1-n-1)\cdots(q)}{n!}$$

to, for $m \geq 0$,

$$FC^{(-m)}_n = Cat^{+}(m,n) =| [t^n] B_{-m}(t)| = |\frac{1}{-mn+1} \binom{-mn+1}{n}| = |
\frac{1}{-mn+1} \binom{(m+1)n-2}{n} |$$

with $FC^{(m)}_0 =1$, $FC^{(m)}_1 =sign(m)$, and $FC^{(m)}_2 =m$ for any integer $m$, what
M & T and others often call the positive Fuss-Catalan numbers.

E.g., $FC^{(3)}_n$ gives $(1,1,3,12,55,...)=$[A001764][3]; $FC^{(2)}_n$, $(1,1,2,5,14,...)
=$[A000108][4], the Catalan numbers; $FC^{(1)}_n$, $(1,1,1,1,...)$; $FC^{(0)}_n$,
$(1,1,0,0...)$; $FC^{(-1)}_n$, $(1,1,1,2,5,14,..)=$(1, A000108), the shifted Catalans; and
$FC^{(-2)}_n$ is $(1,1,2,7,30,..)=$(1,[A006013][5]). See my answer to Burstein's post for more
details.



Another analytic characterization is via the compositional inversion of the power series for $m
\geq 1$

$$(FC^{(m+1)}(z))^{(-1)} = z + z^{m+1}$$

with

$$FC^{(m+1)}(z))= z + A_{m}(0,....0,1,0,...,0) z^{m+1} +  A_{2m}(0,....0,1,0,...,0) z^{2m+1} +
\cdots$$

with an initial set of $m-1$ zeros and where $[A]$ is the set of associahedra polynomials of
normalized [A1333437][6] (see examples in this MO-Q), which have widespread combinatorial,
analytic, topological, and physical significance (see. e.g., the OEIS entry, [this MO-Q][7], [this
MO-Q][8], and [this MO-A][9]). The classic Lagrange inversion polynomials $[L]$ of
[A134685][10] for e.g.f.s could be used also and these also have combinatorial significance--a
simple one of placing objects in bins and more complex ones of simplicial complexes related to
tropical Grassmannians, connected graphs with legs, and phylogenetic trees. Clearly as $m$
varies for $m \geq 2$, aerated subsets of the monomials of $[A]$ and $[L]$ are sampled with
intervening monomials and polynomials zeroed. With the nulled terms removed, the
Fuss-Catalan sequences for $m \geq 2$ are generated.

For $m \geq 1$, we have

$$(FC^{(-m+1)}(z))^{(-1)} = z + z^{-m+1}$$

with

$$FC^{(-m+1)}(z)) =  z + \frac{ K_{m}(0,....0,1,0,...,0)}{ z^{m-1}} +  \frac{ K_{2m}(0,....0,1,0,...,0)}{
z^{2m-1}} + \cdots$$

where $[K]$ is the set of Schur self-convolution expansion polynomials of [A355201][11] with
$a_0=1$. A combinatorial model is associated with them--one involving letters, words and
sentences presented in my notes referenced in the OEIS entry. For the coefficients of the
monomials of the form $u_m^k$, the combinatorial model of $n$-colored trees described in
Gessel's answer in Burstein's MO-Q and a couple more models descibed in the Mühle and
Tzanaki paper referenced in the same MO-Q can be applied.

For $m=1$, we have the inverse pair

$$(FC^{(0)}(z))^{(-1)} = z + 1$$

and

$$FC^{(0)}(z) = z - 1,$$



and, for $m=2$, we have the inverse pair

$$(FC^{(-1)}(z))^{(-1)} = z + \frac{1}{z} $$

and

$$FC^{(-1)}(z) = z + \frac{1}{z} - \frac{1}{z^3} + \frac{2}{z^5} - \frac{5}{z^7} + \frac{14}{z^9} -
\cdots.$$

The $m=0$ case is not encompassed by this reciprocity in the inverse space, but it is in the
corresponding second level of refinement. The particular CR above is a coarse reflection of a
more refined CR at the second-level of refinement, which is also related to the RFFI. With the
definitions of sets of partition polynomials in the second level of refinement below, $[A]=[N][R]
=[N][A^{(0)}] $ and $[K]= [R][N] =[R][A][R] =[A^{(0}] [A][A^{(0)}] $, so $[K]$ is conjugate to $[A]$
via $[R]=[A^{(0)}].$ Both are related to the noncrossing partitions / refined Narayana
polynomials as $[N] = [A][R] = [R][K]$ and its inverse $[N]^{-1} =[R][A] =[K][R]$, and $[N]$ and
$[N]^{-1}$ are related by the RFFI. The $FC^{(m)}_n$ for any integer $m$ are either the first
columns or diagonals of lower triangular matrices (LTMs) of coefficients of single variable
polynomials that are natural reductions of these partition polynomials and are 'column' or
'diagonal' subsets of $[A^{(m-1)}]$ for $m$ any integer. In addition, the raising operation of
$[A^{(m)}]$ to $[A^{(m+1)}]$ is substitution of $[A^{(m)}]$ into $[N]$ and the lowering operation
of $[A^{(m)}]$ to $[A^{(m-1)}]$ is substitution of $[A^{(m)}]$ into $[N]^{-1}$ for any integer $m$.

**First level refinement:** The $FC^{(m)}_n$ are found as the diagonals, or first columns, of
lower triangular matrices (LTMs) of coefficients of sequences of single variable polynomials,
even as sums of coefficients of such arrays as well. For example, the diagonal of [A102537][12]
and the first column of its reverse [A243662][13], natural reductions of $[A^{(2)}]$, is
$FC^{(3)}_n$ of [A001764][3] without the initial $1$, and the first column of [A286784][14], a
natural reduction of $[A^{(-2)}]$, contains the Catalan numbers A000108 of $FC^{(-1)}_n$. The
general result is that LTMs that are natural reductions of $[A^{(m-1)}]$ contain the $FC^{(m)}_n$
for any integer $m$. See my answer to Burstein's post for more examples of the LTMs or in my
latest contribution to [IDI][15].

These LTMs are natural reductions / coarse versions of another level of refinement to partition
polynomials.

**Second level refinement:** The lower triangular arrays of the first level of refinement are
natural reductions of sets of partition polynomials related to multiplicative and compositional
inversion of generic power series--the sets $[A^{(m)}]$, the $m$-associahedra partition
polynomials, and $[N^{(m)}]$, the $m$-Narayana / noncrossing partition polynomials for $m$ an
integer (e.g., see [IDI][15], for details). $[A^{(1)}] = [A]$ is the set of associahedra partition
polynomials of normalized [A133437][6] and $[N^{(1)}] = [N]$ are the noncrossing / refined



Narayana partition polynomials of [A134264][16] (a.k.a, the free cumulant polynomials of free
probability theory). For $m > 1$, both $[A^{(m)}]$ and $[N^{(m)}]$ are 'periodically' spaced
subsets of $[A]$ and $[N]$ at the level of the polynomials and the level of their monomial
summands; i.e., $[A^{(m)}]$ and $[N^{(m)}]$ are a result of an aeration-deaeration process--a
periodic subset of indeterminates are zeroed then all zeroed polynomials are removed and the
polynomials and indeterminates re-indexed (see the example in [A338135][17]). It can be shown
that also $[N^{(m)}] =[N]^m$. This 'periodic' sampling and re-indexing is equivalent to the notion
of 'k-divisibility' as discussed by Armstrong in his thesis "Generalized Noncrossing Partitions
and Combinatorics of Coxeter Groups". See p. 234 of Armstrong for the case of $[A^{(2)}]$ and
$[N^{(2)}]$ ([A338135][17]), which correspond to compositional inversion of odd o.g.f.s $Od(x)$,
i.e., $Od(-x) = -Od(-x)$) as noted in [IDI][15]. For $m > 1$, the sets are related (see [IDI][15]) via
the operation of substitution by

$$[A^{(m)}] = [N^{(m)}][R] = [N^{(m)}][A^{(0)}] = [N][A^{(m-1)}] = [N]^m [A^{(0)}] =
[A^{(0)}][N]^{-m}  $$,

where $[R] = [A^{(0)}]$ are the signed partition polynomials of [A263633][18] for multiplicative
inversion of o.g.f.s (see [IDI][15] for a precise analytic definition). Specifically note the raising
operation

$$[A^{(m)}] = [N][A^{(m-1)}] = [N]^m [A^{(0)}] ,$$

so starting with $[A^{(0)}]$ all positive order $[A^{(m)}]$ are generated with $[N]^{m}$.

The CR at this level is the extension of this formula to the negative integers via

$$[A^{(m-1)}] = [N^{(-m)}] [R]= [N^{(-m)}] [A^{(0)}] =[N]^{-1} [A^{(m)}] = [N]^{-m}[A^{(0)}] =
[A^{(0)}][N]^{m}.$$

Specifically note the lowering operation

$$[A^{(m-1)}] =[N]^{-1}  [A^{(m)}]= [N]^{-m} [A^{(0)}],$$

so starting with $[A^{(0)}]$ all negative order $[A^{(m)}]$ are generated with $[N]^{-m}$.

The association between the set of partition polynomials of the raising set $[N]$ and those of
the lowering set $[N^{(-1)}] = [N]^{-1}$ issues from the same binomial identity as for the
Fuss-Catalan sequences above $\binom{-q}{n} = (-1)^n \binom{q-1+n}{n}$ as demonstrated at
the bottom of the MO-Q "[Combinatorics for the action of Virasoro / Kac–Schwarz operators:
partition polynomials of free probability theory][19]".

**Third level refinement (?)**: For $m$ positive, Novelli and Thibon, in "[Noncommutative
Symmetric Functions and Lagrange Inversion II: Noncrossing partitions and the Farahat-Higman



algebra][20]", present partitions of noncommuting indeterminates that can be reduced to the
partition polynomials of the second refinement above, for which the indeterminates commute
with everything. Some correlations are

1) Eqns. 4, 23, 72, and 77 of N & T, $g_3 = S_3 + 2S^{21} + S^{12} S^{111}$ reduces to $N_3 =
u_3 +u_1u_2+u_1^3$ of $[N]$

2) Eqn. 3,  $g_3 = f_{3000} + f_{2100} + f_{2010} + f_{1200} + f_{1110}$ reduces to $N_3 = u_3
+u_1u_2+u_1^3$ of $[N]$

3) Eqn. 72, $(-1)^3\chi(g_3^{(2)}) = -(g_3 + 2g^{21} + g^{12} + g^{111})$ reduces to $-N_3 =-(
u_3 +u_1u_2+u_1^3)$

4) Eqn. 41, $g_3 = \Lambda^3 − 3\Lambda^{21} − 2\Lambda^{12} + 5\Lambda^{1111}$ reduces
to $A_3 = u_3-5u_1u_2 - 5u_1^4$  of $[A]$

5) Eqn. 10, $g_3(-A) = -g_3 + 5g^{21} + 3g^{12} - 12 g^{111}$ reduces to $A^{(2)}_3 = -u_3
+8u_1u_2-12u_1^3$ of $[A^{(2)}]$, the partition polynomials for compositional inversion of an
odd o.g.f. (Newton knew this. See [A102537][12] and the Einziger ref therein for higher order
partition polynomials)

6) Eqn. 16, 75, $\tilde{\omega}(g_3) = -g_3 + 4g^{21} + 4g^{12} - 12 g^{111}$ also reduces to
$A^{(2)}_3 = -u_3 +8u_1u_2-12u_1^3$ of $[A^{(2)}]$

7) Eqn. 74, $(-1)^3\chi(g_3^{(2)}) = -(-\Lambda^3 + 4\Lambda^{21} + 4\Lambda^{12} - 12
\Lambda^{111})$ also reduces to $A^{(2)}_3 = -u_3 +8u_1u_2-12u_1^3$ of $[A^{(2)}]$

8) Eqn. 31, $h_3 = S_3 + 4S^{21} + 2S^{12} + 5S^{111}$ reduces to $N^{(2)}_3= u_3 +
6u_1u_2 + 5u_1^3$ of $[N^{(2)}] = [N]^2$

9) Eqn. 37, $h_3 = g_1h_2 + 2g_2h_1 + g_3 = S_3 + 4S^{21} + 2S^{12} + 5S^{111}$ also
reduces to $N^{(2)}_3= u_3 + 6u_1u_2 + 5u_1^3$ of $[N^{(2)}] = [N]^2$

10) Eqns. at top of section 2 reduce to $[A^{(2)}]$ (again compare this with the antipode in
Einziger):

$g_1(-A) = -g_1$ reduces to $A^{(2)}_1 =-u_1 $

$g_2(-A)= -g_2 + 3g^{11}$ reduces to $A^{(2)}_2 = -u_2 + 3u_1^{2}  $

$g_3(-A) = -g_3 + 5g^{21} + 3g^{12} - 12g^{111}$ reduces to $A^{(2)}_3 = -u_3
+8u_1u_2-12u_1^3$



$ g_4(−A) = −g4 + 7g^{31} + 5g^{22} + 3g^{13} − 25g^{211} − 18g^{121} − 12g^{112} +
55g^{1111}$ reduces to

$A^{(2)}_3 = −u_4 + 7u_1u_3 + 5u_2^2 + 3u_1u_3 − 25u_1^2u_2 − 18u_1^2u_2 − 12u_1^2u_2
+ 55u_1^{4} = −u_4 + 10u_1u_3 + 5u_2^2  − 55u_1^2u_2  + 55u_1^{4}$

11) Eqns. on p. 9 reduce to $[N^{(-1)}]= [N]^{-1}$ of [A350499][21]:

$S_1 = g_1$ reduces to $N^{(-1)}_1 = u_1$

$S_2 = g_2 − g^{11}$ reduces to $N^{(-1)}_2 = u_2-u_1^2$

$S_3 = g_3 − 2g^{21} − g^{12} + 2g^{111}$ reduces to $N^{(-1)}_3 = u_3 − 3u_1u_2  + 2u_1^3
$

$S_4 = g_4 − 3g^{31} − g^{13} − 2g^{22} + 5g^{211} + 3g^{121} + 2g^{112} − 5g^{1111}$
reduces to

$N^{(-1)}_4 = u_4 - 4u_1u_3 − 2u_2^2 + 10u_1^2u_2 − 5u_1^4$.

12) Eqns 28 and 29 seem equivalent to $[A^{(2)}][R] = [N^{(2)}] =[N]^2$.

The algebra of N & T's paper concerns refinements of $[A^{(m)}]$ and $[N^{(m)}]$ for $m > 0$
and relations among them, so the following question naturally arises.

***Question: What is the extension, i.e., the combinatorial reciprocity, if any, of Novelli and
Thibon's sets of partitions for $m > 0$ to $m < 0$?***

(See also p. 14 of "Non-commutative Hopf algebra of formal diffeomorphisms" by Brouder, Frabetti, and
Krattenthaler.)
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