
AS $A_n$BOVE, SO BELOW: Dualities / combinatorial reciprocities and the associahedra and
noncrossing partitons of the Weyl-Coxeter group $A_n$

Tom Copeland, Los Angeles, March 12, 2023

This is the short and sweet of some combinatorial reciprocities (CRs) and a group algebra
underlying the associahedra and their duals, the noncrossing partitions polynomials. A second
duality underlying these two sets is reflected in that between the rising and falling factorial
polynomials. Many, if not most, of the properties of the sets of the partition polynomials
associated with this algebra are perhaps most easily derived / understood from the properties of
the dual compositional inverses that define / characterize them. The series defining the
compositional inverses are themselves a neat example of CR. Beck and Sanyal, in the preface
of their book Combinatorial Reciprocity Theorems, explain the meaning of 'combinatorial
reciprocity' and present some history and the example of the rising and falling factorial
polynomial identity (RFFPI below).

For $m$ any integer other than $0$, initially define the sets $[A^{(m)}]$ of the $m$-associahedra
partition polynomials $A_n^{(m)}(u_1,u_2,...,u_n)$ as the nonzero coefficients of the
compositional inverse about $z^{sign(m)} |_{z=0}$ of the series (either a formal power or
Laurent series in the infinite set of independent indeterminates $u_n$ and single variable $z$,
all mutually commuting)

$S^{(m)}(z) = z( 1 + u_1 z^{m} + u_2z^{2m} + u_3z^{3m} + \cdots)$.

In particular, $[A^{(1)}]=[A]$ are the refined Euler characteristic polynomials, a.k.a the refined
signed face polynomials, of the associahedra of the Coxeter group $A_n$ with a slew of
combinatorial models attached and of much import in analysis, algebra, geometry, topology, and
physics (cf. [A133437][1] and the MO-Q "[Guises of the Stasheff associahedra][2]". (These
multivariate polynomials were derived by Newton in 1676 as well as those for $[A^{(2)}]$, with
the Catalan numbers embedded in them, of course).

$[A^{(-1)}]=[K]$ are the special Schur self-Konvolution expansion polynomials of A..... (see refs
therein) with less prominence than $[A]$ in the literature, with only one combinatorial model, I'm
aware of so far, associated with them. Just as for $[A]$, there is a simple multinomial expression
for the numerical coefficients of their monomial summands that can be applied to lower order
$[A^{(m)}$ for $m < -1$.

For $m >1$,

$A^{(m)}_n(u_1,u_2,...,u_n) = A_{mn}(0,...,0,u_1,0,...,0,u_2,0,...,0,u_n),$

with intervening swathes of $(m-1)$ zeros, so that the monomial summands (along with their
numerical coefficients) of the first polynomial are 'periodic' samples of those of the the second;
in other words, the aeration-dearation processing of monomials of the second polynomial that



defines the first polynomial leaves the numerical coefficients unchanged and the monomials
distinct, i.e., monomial summands may vanish but they don't merge or combine with each other.
Then the well-known multinomial formula for $[A]$ and the plethora of combinatorial, analytic,
algebraic, and topological models for $[A]$ can be applied to the higher order sets $[A^{(m)}]$
for $m > 1$.

Analogously, for $m < 1$, with $[A^{(-1)}] = [K]$, the Schur self-Konvolution expansion
polynomials of A....,

$A^{(m)}_n(u_1,u_2,...,u_n) = K_{|mn|}(0,...,0,u_1,0,...,0,u_2,0,...,0,u_n),$

and a similar perspective applies though $[K]$ has not been as prominent in the literature as
$[A]$.

Define the dual sets $[N^{(m)}]$ of the $m$-noncrossing partitions polynomials, or refined
$m$-Narayana partition polynomials, by the substitution

$N_n^{(m)}(u_1,u_2,...,u_n)=
A_n^{(m)}(A^{(0)}_1(u_1),A^{(0)}_2(u_1,u_2),...,A^{0}(u_1,...u_n))$

$=A_n^{(m)}(R_1(u_1),R_2(u_1,u_2),...,R_n(u_1,...u_n))$

where $[A^{(0)}]$ is identified with the set of reciprocal polynomials $[R]$ satisfying

$\frac{z}{S^{(1)}(z)} = \frac{1}{1+u_1 z+u_2z^2 +\cdots} = 1 + R_1(u_1) z + R_2(u_1,u_2) z^2 +
R_3(u_1,u_2,u_3) z^3 +\cdots$.

Represent this substitution operation, for any integer $m$ now, by

$[A^{(m)}] = [N^{(m)}][A^{(0)}] = [N^{(m)}][R].$

In particular, $[N^{(1)}] = [N]$, are the refined h-polynomials dual to $[A]$ with its own panoply of
attached combinatorial models and of essentially the same level of import as $[A]$ (cf. A134264
and the MO-Q "[Guises of the noncrossing partitions][3]").

It can be proved that

$[N^{(m)}] = [N^{(1)}]^m = [N]^m,$

so

$[A^{(m)}] = [N^{(m)}][A^{(0)}] = [N^{(m)}][R]$

becomes



$[A^{(m)}] = [N]^m[A^{(0)}] = [N]^m[R].$

(In another set of my notes to be posted, I've proven that the numerical coefficients of $[N]^m$
for $m > 1$ are subsets of $[N]$.)

Then $[N]$ can be identified as the raising set / op of $[A^{(m)}]$ and its inverse $[N]^{-1}$, as
the lowering set / op; that is,

$[N][A^{(m)}] = [A^{(m+1)}]$

and

$[N]^{-1}[A^{(m)}] = [A^{(m-1)}].$

The inverse noncrossing partition polynomials $[N^{(-1)}] =[N]^{-1}$ are the polynomials of
[A350499][4] (cf. also the MO-Q "[Combinatorics for the action of Virasoro / Kac–Schwarz
operators: partition polynomials of free probability theory][5]"). In the microcosm, the numerical
coefficients of $[N]^{-1}$ are related to those of $[N]$ via the falling-rising factorial polynomial
identity (RFFPI)

$\frac{(-q)(-q-1) \cdots(q-n+1)}{n!} = \binom{-q}{n} = (-1)^n \binom{q-1+n}{n} = (-1)^n
\frac{(q-1+n)(q-1-n-1)\cdots(q)}{n!}$

(see, e.g, the MO-Q "Infinite-dimensional involutions"
https://mathoverflow.net/questions/422539/-infinitely-large-sets-of-multivariate-polynomi).

The sets $[N]^{(m)}= [N^{(m)}]$ and $[A^{(m)}]$ for any integer $m$ can be reduced to the sets
of mono-variate polynomials $[TN^{(m)}]$ and $[TA^{(m)}]$, whose coefficient matrices are
lower triangular matrices (LTMs), by setting all the indeterminates to a single independent
variable $t$; i.e., letting $u_k =t$ for $k \geq 0$ (more on this in a future post). Let the
associated sets of reverse polynomials, e.g., $RTA^{(m)}_n(t) = t^n TA^{(m)}_n(1/t)$ be denoted
by $[RTA^{(m)}]$.

For any integer $m$, the polynomials of $[TA^{(m)}]$ are the coefficients of the compositional
inverse about $x=0$ of

$(RTA^{(m)}(x,t))^{(-1)} = \frac{x}{(1+(1+t)x)(1+x)^{m}}$

and

$(TA^{(m)}(x,t))^{(-1)} = \frac{x}{(1+(1+t)x)(1+tx)^{m}} .$

The generalized binomial identity $[A^{(m)}]= [N^{(m)}][R] = [N]^m[R]$ implies that



$(RTN^{(m)}(x,t))^{(-1)} = \frac{x}{(1+tx)(1+x)^{m}} $

so

$(TN^{(m)}(x,t))^{(-1)} = \frac{x}{(1+x)(1+tx)^{m}}.$  Careful with defn and offset

Then, using $[A]$ or, equivalently, $[N][R]$ or the Lagrange inversion formula (LIF),

$ RTA^{(m)}_n(t) = \partial^n_{x=0} \frac{[(1+(1+t)x)(1+x)^{m}]^{n+1}}{(n+1)!} .$

and

$ RTN^{(m)}_n(t) = \partial^n_{x=0} \frac{[(1+tx)(1+x)^{m}]^{n+1}}{n!} .$

Then $RTA^{(m)}_n(0) = RTN^{(m)}_n(-1)$.

The coefficients of these polynomials are gleaned from the formulas on page 15 of "On the
enumeration of positive cells in generalized cluster complexes and Catalan hyperplane
arrangements" by Athanasiadis and Tzanaki. They are for any integer $m \neq 0$ and $n \geq
0$

$TA^{(m)}_{n,k+1} = (-1)^k \frac{1}{k+1} \binom{mn+1+k}{k} \binom{n-1}{k}$ (for $m=0$, this
gives the signed, shifted Pascal matrix)

and

$N^{(m)}_{n,k+1} = \frac{1}{k+1}\binom{mn}{k} \binom{n-1}{k}.$

(This last formula is also on p.2 of "Polygon dissections and some generalizations of cluster
complexes" by Tzanaki, interpreted for $m$ positive.)

To make these formulas accessible to computation in math apps for $m$ negative and to
accentuate the inherited relation to the RFFPI, use the RFFPI to obtain for $m > 0$

$TA^{(-m)}_{n,k+1} = (-1)^k \frac{1}{k+1} \binom{-mn+1+k}{k} \binom{n-1}{k} $

$= (-1)^k \frac{1}{k+1} \binom{mn}{k} \binom{n-1}{k} $

and

$N^{(-m)}_{n,k+1} = \frac{1}{k+1}\binom{-mn}{k} \binom{n-1}{k} = (-1)^k \frac{1}{k+1}
\binom{mn-2}{k} \binom{n-1}{k}$ .



For $m \neq 0$, an integer, define the $(m+1)$-Fuss-Catalan sequences $[{FC}^{(m+1)}]$ of
numbers (generally aerated) as the coefficients of the compositional inverse of

$(FC^{(m+1)}(z))^{(-1)} = z - z^{m+1}$.

Note then that the generating series (power or Laurent series) for the $(m+1)$-Fuss-Catalan
sequences of numbers satisfies for any integer $m \neq 0$

$FC^{(m+1)}(z) = z + (FC^{m+1}(z))^{m+1}.$

Comparing the successively reduced generating series, we can identify, for any integer $m \ne
0$, the nonzero elements of $[FC^{(m)}]$ as

$\widehat{FC}^{(m+1)}_n = RTA^{(m)}_n(0) = RTN^{(m)}_n(-1)$

$ = A^{(m)}_n(0,0,...,0,u_m,0,,,0)$

$ = A^{sign(m)}_{|m|n}(0,0,...,0,u_{|m|n},0,,,0)$

$= \frac{1}{(m+1)n+1} \binom{(m+1)n+1}{n} = (-1)^n \frac{1}{(m+1)n+1} \binom{-mn-2}{n}$

where, for $m$ positive,

$[A^{sign(m)}] = [A^{(1)}] = [A]$

and, for $m$ negative,

$[A^{sign(m)}] = [A^{(-1)}] = [K],$

the Schur self-Konvolution expansion polynomials of [A355201][6] (cf. item III and the answer /
addendum of the MO-Q "[Infinite dimensional involutions][7] ..." with one combinatorial model so
far.

A conjugate duality is manifested in the plane of the group algebra as well. For any integer,
$[A^{(m)}]$ is involutive, i.e., $[A^{(m)}]^2=[I]$, the identity set $(1,u_1,u2,u_3,...)$, implying

$[A^{(-1)}] = [N]^{-1}[A^{(0)}] = ([A^{(1)}][A^{(0}])^{-1}[A^{(0)}] =[A^{(0}][A][A^{(0}]$,

in short, the $[A^{(1)}] = [A]$ and $[A^{(-1)}] = [K]$ are a conjugate pair w.r.t. $[A^{(0)} =[R]$,
i.e.,

$[K] = [A^{(-1)}] = [R][A][R]$.



As above, so below.

_______________________________________________________

In an earlier set of notes I've yet to post, I've proven from the definition of $[N^{(m)}]$ that the
o.g.f. for $(TN^{(m)}(x,t))^{(-1)}$ given above for any integer $m$ is valid, implying the other
related o.g.f.s. follow. $(TN^{(m)}(x,t))^{(-1)}$ can be found on p.37 (eqn. 186) in "Hopf Algebras
of m-permutations, (m+1)-ary trees, and m-parking functions" (Mar. 2020) by Novelli and Thibon
and $(RTA^{(m)}(x,t))^{(-1)}$, on p. 38, but considered only for $m \geq 1$.
$(TN^{(m)}(x,t))^{(-1)}$ can be found on p. 7 (eqn. 22) of "Refined Lattice Path Enumeration and
Combinatorial Reciprocity" (Jul. 2022) by Mühle and Tzanaki and $(RTN^{(m)}(x,t))^{(-1)}$, on
p. 13 (eqn. 43), interpreted for $m$ positive. Variants of the LTMs for $(RTA^{(m)}(x,t))^{(-1)}$
for $m =-1,0,1,2,3,4$ are displayed in the far column of the table on p. 23 of "On the inversion of
Riordan arrays" (Jan. 2021) by Paul Barry.

__________
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