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The inverse Eulerian polynomials (OEIS A356145) are introduced in
my post "Matryoshka Dolls: Iterated noncrossing partitions, the refined Narayana group, and
quantum fields" along with their reduced / specialized forms with the indeterminates .
See also the bottom of my post "One Matrix to Rule Them All". A relevant MathOverflow
question is "Combinatorial models of the refined inverse Eulerian numbers".

The set of partition polynomials is the indeterminate substitutional inverse to the refined

Eulerian partition polynomials of A145271. Given an analytic function with and

derivative , the compositional inverse is

with and .

Then by construction, the set of inverse refined Eulerian partition polynomials gives, since

,

,

this last equality holds by the inverse function theorem, valid as a graded algebra for formal as

well as convergent series, i.e., with successively higher-order polynomial proxies for being

successively higher-order truncations of the formal series .

This analytic rep translates into the algebraic rep under indeterminate substitution

https://oeis.org/A356145
https://tcjpn.wordpress.com/2022/07/08/iterated-noncrossing-partitions-and-quantum-fields/
https://tcjpn.wordpress.com/2022/07/08/iterated-noncrossing-partitions-and-quantum-fields/
https://tcjpn.wordpress.com/2022/07/27/one-matrix-to-rule-them-all/
https://mathoverflow.net/questions/426884/combinatorial-models-of-the-refined-inverse-eulerian-numbers
https://oeis.org/A145271


,

where, as discussed in the post "Matryoshka Dolls ... ", is the set of permutahedra

polynomials of A133314, giving the formal reciprocal of a formal e.g.f. / Taylor series with

, and is the set of classic Lagrange inversion polynomials, giving the formal

compositional inverse of the formal e.g.f. / Taylor series about the origin.

This set of notes addresses the analytic / algebraic relations of the reduced inverse refined

Eulerian polynomials to other sets of polynomials in the OEIS,
suggesting potential combinatorial interpretations of the full partition polynomials.

____________________________________________________________________________

The reduced , or

The specialized set of reduced inverse Eulerian polynomials is closely
related to the polynomials of A112493 and A124324.

The first few reduced polynomials are

,

,

,

,

,

,

.

The exponential generating function (e.g.f.) for the reduced polynomials is

https://oeis.org/A133314
https://oeis.org/A112493
https://oeis.org/A124324


,

where is the tree function, the e.g.f. of of A000169, and

is the principal branch of the Lambert W function (cf. A134991),
denoted by ProductLog(x) by WolframAlpha (WA).

__________
__________
Spot check:

Using WA online,

series 1- ( -.2- (1+.2) ProductLog[(-.2/(1+.2)) exp((x-.2)/(1+.2))] )

____________________________________________________________________________

, polynomials of A112493, closely associated with the reduced

These polynomials are not identical to but are closely associated with the reduced . The
first few polynomials are

,

,

,

,

https://oeis.org/A000169
https://oeis.org/A134991
https://oeis.org/A112493


,

.

An e.g.f. is

.

__________
__________
Spot check:

series  -1 - ((1+.2)/.2) ProductLog[(-.2/(1+.2)) exp((x-.2)/(1+.2))]

__________
__________

A slight variant of this set of polynomials is given in the appendix.

____________________________________________________________________________

, the modified reduced inverse refined Eulerian polynomials

This is a variant of that is easier to associate with the other sets of polynomials below.
The first few are

,



,

,

,

,

.

Their e.g.f. is

,

where is the e.g.f of the Ward polynomials below.

The compositional inverse of the e.g.f. is

.

__________
__________
Spot checks:

series x - .2- (1+.2) ProductLog[(-.2/(1+.2)) exp((x-.2)/(1+.2))]

.

MR(-3,.2)=  -3 - .2- (1+.2) ProductLog[(-.2/(1+.2)) exp((-3-.2)/(1+.2))]   = -3.185940… .

.

____________________________________________________________________________



, the Ward polynomials of A134991

These are the unsigned, reduced classic Lagrange inversion polynomials of A134685, related to
phylogenetic trees, tropical Grassmannians, and other algebraic and combinatorial constructs.

E.g.f.:

,

where, again, is the tree function of A000169, which is related to the principal branch of

the Lambert function by about the origin.

The compositional inverse in about the origin is

,

so the Ward polynomials gives the reduction of the classic Lagrange inversion polynomials of
A134685 for formal e.g.f.s with the indeterminates and otherwise. (The

partition polynomials of A134685, , can be translated into the associahedra Lagrange
inversion polynomial of A133437 or the logarithmic Lagrange inversion polynomials of A133932
for log-type g.f.s with simple scalings of the indeterminates with the factorials.)

(Compare with the e.g.f. of , below, giving an exp-log relationship
between the two.)

The first few polynomials are

,

,

,

,

,

https://oeis.org/A134991
https://oeis.org/A134685
https://oeis.org/A134685
https://oeis.org/A133437
https://oeis.org/A133932


,

.

See A134991 for a recursion relation, a finite sum for the coefficients, and other formulas and
interpretations of the coefficients of the polynomials..

__________
__________
Spot checks:

. Then

series (x - .2)/((1+.2)) - ProductLog[(-.2/(1+.2)) exp((x-.2)/(1+.2))]

.

W(-3,.2) = (-3- .2)/((1+.2)) - ProductLog[(-.2/(1+.2)) exp((-3-.2)/(1+.2))] =  -2.654950…

.

____________________________________________________________________________

the associated Bell polynomials of A008299

These could also be called the shifted Ward polynomials since by shifting the columns the Ward
polynomials can be produced. The coefficients of the Ward polynomials can be read off the

diagonals of .

E.g.f:

The first few polynomials are

,

https://oeis.org/A008299


,

,

,

,

,

,

,

,

.

The number triangle for the coefficients of , from which the coefficients of the Ward
polynomials for can be read off the diagonals, begins as

1

0

0,  1

0,  1

0,  1,   3

0,  1,  10

0,  1,  25,  15

…

____________________________________________________________________________

, the shifted modified reduced inverse Eulerian polynomials of A124324.

https://oeis.org/A124324


The first few are

,

,

,

,

,

,

,

,

.

The e.g.f. is

to which the exp-log relation / principle / schema can be applied for combinatorial
interpretations. Examples of applications of this relation are presented in the pdf attached to my
post “Calculus, Combinatorics, and Geometry Underlying OEIS A060540, and the Exponential
Formula” with refs to the principle in A036040, the OEIS entry for the refined Stirling
polynomials of the second kind, a.k.a. the general Bell composition partition polynomials of the
Faa di Bruno Hopf algebra, with a reduced form below.

The e.g.f. could be re-expressed as

,

which has the form of an e.g.f. for an Appell Sheffer sequence of polynomials with

moments determined by

https://tcjpn.wordpress.com/2021/06/12/calculus-combinatorics-and-geometry-underlying-oeis-a060540-and-the-exponential-formula/
https://tcjpn.wordpress.com/2021/06/12/calculus-combinatorics-and-geometry-underlying-oeis-a060540-and-the-exponential-formula/
https://oeis.org/A036040


, an infinite number of
binomial convolutions via e.g.f.s of the form . The Appell formalism has numerous
interpretations, algebraic relations, and associated differential operators.

The compositional inverse is

.

__________
__________
Spot check:

S(.3,.2) = (log(.3) + .2)/((1-.2)) - ProductLog[(.2/(1-.2)) exp((log(.3)+.2)/(1-.2))] = -1.32164… .

.

____________________________________________________________________________

, the Bell / Touchard / Sherck / exponential  polynomials of A048993 (cf. also
A008277)

E.g.f.:

.

The first few Bell polynomials are

,

,

,

,

,

https://oeis.org/A048993
https://oeis.org/A008277


,

.

The coefficients are given by

,

and are also known as the Stirling numbers of the second kind.

These are fairly easily determined from the operational definition of the Bell polynomials as the

normal ordering of the state, or Euler, operator, .

With the relationships of the other arrays to the Bell coefficients, their coefficients can be
determined explicitly as well.

____________________________________________________________________________

An identity between and

and

,

so

.

__________
__________

Spot checks:

.



.

.

__________
__________

Equivalently,

,

so, naturally, (to illustrate the generalized Leibniz formula)

.

__________
__________
Spot checks:

, and , so

,

.

and, , so

,

and ,



,

,

,

.

__________
__________

We also have other relations, such as,

and , from the OEIS formulas for , about the origin

.

__________
__________
Spot check:

In the graph below,

the red curve is

and the blue curve is

.



__________
__________

On the other hand,

gives the rows of A094262, e.g.,

https://oeis.org/A094262


,

which is the fourth row of A094262.

____________________________________________________________________________

An identity between and

The e.g.f of is the exponential of the compositional inverse of (mod a sign), implying

that the rows of may be read off the diagonals of , i.e., explicitly,

.

Relationships of this type concerning e.g.f.s of the form are discussed in my
old post containing the pdf "Generators, Inversion, and Matrix, Binomial, and
Integral Transforms" (pp. 24-25 and 27-28), which explores the connections among a whole

slew of core number triangles, including the ,  and , the second-order Eulerian
numbers presented below (cf. A008517 and A112007). See also Peter Bala's notes "Diagonal of
triangles with generating function exp(t*F(x))" (link in A112007) and Drake's thesis "An inversion
theorem for labeled trees and some limits of areas under lattice paths". This relationship exists

in a slightly modified form between and , as shown below.

__________
__________

Spot checks:

.

,

,

,

,

,

,

https://tcjpn.wordpress.com/2015/12/21/generators-inversion-and-matrix-binomial-and-integral-transforms/
https://tcjpn.wordpress.com/2015/12/21/generators-inversion-and-matrix-binomial-and-integral-transforms/
https://oeis.org/A008517
http://oeis.org/A112007


,

,

,

,

,

.
____________________________________________________________________________

Identities among , , and

The e.g.f.s imply, as already noted above,

,

so

.

__________
__________
Spot check:

.

____________________________________________________________________________

Identities between and and

The e.g.f. for is



,

so the associated Bell are related to the Bell polynomials by the binomial transform

Conversely,

.

The e.g.f. for the shifted reduced inverse Eulerian polynomials is

so the binomial convolution

applies.

Conversely,

.

Then also

and, conversely,

,

the local umbral equivalent of the global identity

.

__________
__________
Spot checks:



.

.
__________
__________

Since we have a simple formula for the coefficients of the Bell polynomials, we have fairly

simple formulas for those of and also from the relations above..

with the natural convention for .

__________
__________
Spot checks:

.

Using WA with the coefficients of the Bell polynomials, given by the Stirling numbers of
the second kind, denoted by StirlingS2[n,k] by WA, and shifting the factorials slightly so that WA



interprets rather than giving an invalid-statement response, we can spot check
our formula:

and WA gives

0! sum( j = 0 to 0) sum( m=0 to 0) (-1)^m  (1/((j-m+.00000001)! m! (0-j+.0001)!))   StirlingS2[0-j,
0-m] approx. 1.00006.

and WA gives

0! sum( j = 0 to 0) sum( m=0 to 1) (-1)^m  (1/((j-m+.00000001)! m! (0-j+.0001)!))   StirlingS2[0-j,
1-m]  approx. $-1.0000 \; 10^{-8}$.

and WA gives

1! sum( j = 0 to 1) sum( m=0 to 0) (-1)^m  (1/((j-m+.00000001)! m! (1-j+.0001)!))   StirlingS2[1-j,
0-m]   approx. 1.00006.

and WA gives

1! sum( j = 0 to 1) sum( m=0 to 1) (-1)^m  (1/((j-m+.00000001)! m! (1-j+.0001)!))   StirlingS2[1-j,
1-m]  approx. -0.0001.

and WA gives

3! sum( j = 0 to 3) sum( m=0 to 0) (-1)^m  (1/((j-m+.00000001)! m! (3-j+.0001)!))   StirlingS2[3-j,
0-m] approx. 1.00006.

and WA gives



3! sum( j = 0 to 3) sum( m=0 to 1) (-1)^m  (1/((j-m+.00000001)! m! (3-j+.0001)!))   StirlingS2[3-j,
1-m]   approx. 3.9993.

and WA gives

3! sum( j = 0 to 3) sum( m=0 to 2) (-1)^m  (1/((j-m+.00000001)! m! (3-j+.0001)!))   StirlingS2[3-j,
2-m] approx. .00005.

and WA gives

8! sum( j = 0 to 8) sum( m=0 to 1) (-1)^m  (1/((j-m+.00000001)! m! (8-j+.0001)!))   StirlingS2[8-j,
1-m] approx. 246.962.

and WA gives

8! sum( j = 0 to 8) sum( m=0 to 4) (-1)^m  (1/((j-m+.00000001)! m! (8-j+.0001)!))   StirlingS2[8-j,
4-m]  approx. 104.963.

____________________________________________________________________________

Relation between the and the refined Bell partition polynomials of A036040

The can be viewed as a specialization of the refined Bell composition partition
polynomials of A036040, a.k.a. the refined Stirling polynomials of the second kind

with the e.g.f.

.

Identifying , and otherwise gives . For example, from the Lang link
in the entry or my post “Lagrange à la Lah”,

https://oeis.org/A036040
https://tcjpn.wordpress.com/2011/04/11/lagrange-a-la-lah/


gives

.
____________________________________________________________________________

Identities between the and

In the relevant OEIS entries, Jörgen Backelin recently conjectured that the columns of A112493
are shifted columns of A124324, or, essentially equivalently, the rows of A112493 may be read
off as the diagonals of A124324 (with the exception of the first row of A112493), analogous to

the relation between and displayed above, and this is verifiably true for the closely

related and since the exponential, with simple changes of variables, of the

compositional inverse of is the e.g.f. for ;

,

and, with ,

.

The implications of the presentations by Drake, Bala, and Copeland noted above is the
conjecture is essentially true--more precisely, for

.

__________
__________
Spot checks:

.

,

,

,



,

,

,

,

,

,

,

.
__________
__________

Since we have an explicit formula above for the coefficients of in terms of the coefficients
of the Bell polynomials, a.k.a. the Stirling numbers of the second kind, and since the coefficients

of are essentially those of , just shifted, we have an explicit formula for the

coefficients of in terms of the Stirling numbers of the second kind as well. A formula for

the Stirling numbers of the second kind is provided above in the section on .

____________________________________________________________________________

Identities between and the second-order Eulerian polynomials of A008517

The first few polynomials of the shifted second order Eulerian polynomials of A008517, whose
row-reverse is A112007 , are

,

,

,

,

https://oeis.org/A008517
http://oeis.org/A112007


,

,

.

E.g.f.:

.

where .

Since ,

The compositional inverse about is

.

___________
___________
Spot check:

series (x (1-.2)^2 - .2 -Productlog(-.2 exp(x (1-.2)^2 - .2)) ) / (1-.2)

.



__________
__________

As noted in the relevant OEIS entries, contains the h-vectors corresponding to the

f-vectors of .

A simple transformation relates to . Since

,

Then, e.g.,

,

,

;

and

The sequences can also have combinatorial import; e.g.,



;

,

giving the pentagonal numbers A000326;

,

giving the icosahedral numbers A006564;

,

which isn't in the OEIS.

Note that the polynomials of A112007, the row-reversed second-order Eulerian triangle
A008517, give the formal h-vectors of the Stirling numbers of the first kind (see p. 26 of my pdf
"Generators, ...".

____________________________________________________________________________

Appendix:

This is a third variant of the reduced and OEIS A112493. The first few polynomials are

,

,

,

https://oeis.org/A000326
https://oeis.org/A006564
https://oeis.org/A112007


,

,

,

.

The e.g.f. is

.

__________
__________
Spot check:

From WA,

series   ( -.2- ((1+.2) ProductLog[(-.2/(1+.2)) exp((x-.2)/(1+.2))] )

.
___________
___________


