One Matrix to Rule Them All

Schur self-Konvolution expansion Koefficients; inversion of Laurent and power
series; and associahedra, noncrossing, and reciprocal partition polynomials

Tom Copeland, Los Angeles, Ca., July 27, 2022

“Differential calculus on the Faber polynomials” by Airault and Bouali presents, on p. 186 and
209 (egns. 1.34 and 6.3), the inverse pair of formal Laurent series
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A & B reference avatars of these relations in "ldentities in the theory of power series" by Schur
and in the paper “An algebra of differential operators and generating functions on the set of

KZ-H _
univalent functions” by Airault and Ren. Proofs that  » —bn+t1 can be found in both Schur

(see eqns. 50, 51, and 57') and A & R---with A & R embedding the more transparent arguments
in the text from pages 350-2 with the key ideas centered around equations 1.2.7 and 1.2.8 with

k =n —1 in 1.2.8. Schur defined the general self-convolution expansion coefficients K7 , with

P aninteger and n > 0 a natural number, for a formal ordinary generating function (o.g.f., or
power series) via



(Eqn.x)

1+ Yoy ara®)? = (L2 =5 KP(ay, .. )",

Also note

(L =145 o KP -k

with 9(@) =z +a1+3,54 Unt1 -

(The Laurent series has the form used in some definitions of Faber polynomials, a phrase l’ii
reserve for the related but distinct Faber partition polynomials.)

There are a multitude of identities, differential and otherwise, for these Schur Konvolution
Koefficients (a play on K as a mnemonic and the P for its roles as the Power of the defining

function and the superscript of K3 ), which have been presented by Lagrange, Schur, Airault,
Bouali, Ren, and others. (See a later section on related general identities presented by Stanley.)
Many of the identities are connected to the classical Faber partition polynomials of the
Newton-Girard-Waring identities in symmetric function theory (I'll show some of these in two
later pdfs). Below | provide some new characterizations of subsets of these Schur coefficients
related chiefly to compositional inversion and associated combinatorics.

In addition to characterizing the special involutive subset of Schur self-convolution expansion
KZ-H o —n
coefficients n _bn+1, I'll show how “*n—1 is related to the signed refined face partition
polynomials of the associahedra (OEIS A133437, see section B of the answer to the
MathOverflow Question “Why is there a connection between enumerative geometry and

nonlinear waves?” or my top answer to the MQ-Q “Important formulas in combinatorics” ) and

how £n—1 is related to the noncrossing partition polynomials of A134264. Then I'll derive

—1
identities among these subsets and K, , the reciprocal polynomials giving the coefficients of
the o.g.f. of the reciprocal of an ordinary generating function (see the appendix titled “The
reciprocal polynomials”.. A & B give on p. 185 (eqn. 1.33)

N —(n+1)
FOV(@) =2+ 3,0, Tog—ant]

but apparently the authors of the papers cited above weren't aware of the links to associahedra
nor noncrossing partitions and related combinatorial constructs.


https://oeis.org/A133437
https://mathoverflow.net/questions/145555/why-is-there-a-connection-between-enumerative-geometry-and-nonlinear-waves
https://mathoverflow.net/questions/145555/why-is-there-a-connection-between-enumerative-geometry-and-nonlinear-waves
https://mathoverflow.net/questions/214927/important-formulas-in-combinatorics/215203#215203
https://oeis.org/A134264

Some sections of this pdf include broader identities for the general Schur expansion coefficients
K3 , and two forthcoming sets of notes will address more of such via connections with the
Faber partition polynomials, leading in particular to a recursion formula for KXY given K7, for

0 < m < n thatis also noted below and an umbral recursion formula for on given the lower
order bm and associated Faber polynomials.

The special Schur self-convolution expansion polynomials on

First, let’s slightly extend the analysis above by introducing the two additional indeterminates @o
and bo for the linear terms so that

g(z)=aoz+ar+ 2+ 3+
and
g(_l)(z):boz—i—bl—i—bf—i—z—%—!—'--_

{See Appendix (?): Introducing a general linear coefficient for details of this extension of the
analysis. For the most part, @0 = bo =1 in these notes.)

The following is a list of the first few partition polynomials for br in terms of @n with empirical

k
observations (later proved) on associated combinatorics. Note that the monomials @1 are not

found in any of the bracketed polynomials after b1 so that the number of monomial summands
is given by A000041 minus one. The remaining partitions are given in the order of those on p.
832 of "Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables"
edited by Abramowitz and Stegun.

The first few special Schur self-convolution expansion polynomials are



https://oeis.org/A000041

b3 = —(a1a2 + aoag)
(1,1): coefficients; sum = 2, third Catalan number (A000108)

(1,1): Narayana numbers, second row of A0O01263, h-vectors of the associahedra; Dyck path /
ordered trees numbers, second row of A091869 and A091187.

by = —(a%as + apa3 + 2apaias + atay)

(1,1,2,1): coefficients: sum = 5, fourth Catalan

(1,1+2=3,1) = (1,3,1): Narayanas--third row from summing the coefficients over the monomial

k
summands with the same order k of 40 in increasing order, i.e., the coefficients of the
polynomial

—bs(ag =t,a1 =1l,aa =1l,a3 =1l,a4 =1) =t + 3t> + >

(1,2,1+1) = (1,2,2): summing coefficients over the monomial summands with the same order &

k
of @1 in decreasing order , i.e., the coefficients of
—by(ag =1,a1 =t,as = l,a3 = 1,a4 = 1+ = 2 + 2t + ¢2 ;

Dyck paths / ordered trees, third row of A091869, reversed A091187.

bs = —(adas + 3apaia3 + 3apaiaz + 3aiazas + 3aiaias + adas).
(1,3,3,3,3,1), coefficients; sum = 14, fifth Catalan
(1,6,6,1), Narayanas--fourth row

(1,3, 3+3, 3+1) = (1,3,6,4):


https://oeis.org/A000108
https://oeis.org/A001263
https://oeis.org/A091869
https://oeis.org/A091187

—b5(10:1,&1:t,ag:1,...,&5:1):4+6t+3t2+t4;

Dyck paths / ordered trees, fourth row of A0O91869, reversed A091187.

be = —(afas + 6aga?a3 + dapaias + 2a3as + 12a3ajazas
+6a3atay + 2a3a3 + 4adasay + 4ajaras + ajae)

(1,6,4,2,12,6,2,4,4,1): coefficients; sum = 42, sixth Catalan

(1,10,20,10,1) Narayanas, fifth row

(1,4,6+6,12+4,2+2+4+1) = (1,4,12,16,9);

Dyck paths / ordered trees, fifth row of AO91187 and reversed A091869.

by = —(afaz + 10agaia3 + bagajas + 10a2aia3 + 30a2a3azas
+10aatas + 10a3a3as + 10a3aiai + 20ajarazay
+10a3a3as + bagasas + Sagasas + Sagaias + agar)

(1,10,5,10,30,10,10,10,20,10,5,5,5,1): coefficients, sum = 132, seventh Catalan
(1, 15, 50, 50, 15, 1): Narayanas--sixth row

(1,5,20,40,45,21): Dyck paths / ordered trees, fifth row of A091187 and reversed A091869.

Let’s now prove what the numerical evidence above suggests; the partition polynomials for
Schur’s self-convolution coefficients are intimately related to the partition polynomials reflecting
the combinatorics of the associahedra and the noncrossing partitions (and their numerous
associated combinatorial constructs, such as trees, lattice paths, and quivers).



Compositional and multiplicative inversions, Laurent series, and the noncrossing
partitions and special Schur expansion coefficients On

Following the analysis in my notes and MO-Q on the Schwarz-Kac ops and Alexandrov's paper
(p. 21) and identifying ¢» below with @» above, the inverse of the Laurent series

g(x) =LC(1/z) =z +c1 + 2+ S5 + - -
is
9"V (@) =t

LC(=1)(z)
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where the NC Py, are the partition polynomials of OEIS A134264, the inversion polynomials
giving the coefficients of the formal o.g.f. O(_l)(x) that is the compositional inverse of a formal

o.g.f. O(®) in terms of the coefficients " of its shifted reciprocal

hz) = 2/0(x) = 2,50 Mat™ This inverse agrees with that of A & B with @n = Cn and
ap = ho = 1_Note from the comments, links, and refs in the OEIS that the NC Py, have

numerous combinatorial interpretations, including labeling and enumerating noncrossing
partitions (NCP).

Now form

= gV(1/z) =

1
1+ NCPix+NCPyz2+NCP3x3+NCPyzxt+---

_ 1
T 14cizt+(catc?)x?+(cz+3czc1tct)xd+(c+4+4cies+2c5+6cicatct )zt +o-



https://oeis.org/A134264

=1—c1z—con? — (c1e2 + c3)x3 — (cica + 2c103 + €5 + ¢q)xt — -+

=1+ bix + bax?® + byx® + byt + - --

where, from the inversion interpretation of the partition polynomials of A134264,
fEV(2) =2+ NOPa? + NCPyx® + NCPaa* + NCPya® + - -
=x+c122+ (co + )3 + (c3 + 3eacy + )t

+ (cq +4cies +2¢3 + 6c3ca + c)a® + -+

and
h(x) = % =1+ciz+cx?+ca® + - =z g(1/2).
Then

£(2) = w5 = gy = :
h(x) g(1/x) 1+ciz+cox?4czzd+...

The Schur expansion coefficients, the associahedra and noncrossing partition
polynomials and compositional and multiplicative inversions

Let's relate the analysis to the Schur self-Konvolution expansion coefficients KY defined as in

(1+ 21@1 cpah)P = ZkZO KP(c1, .o en)at.

Define the reciprocals
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identifying
KP(c1y.oyen) = K P(C1yenny Cn).

The signed refined face partition polynomials, or refined Euler characteristic polynomials, of the
associahedra, ASP, (a1, ..an) , presented in A133437 give the coefficients of the o0.g.f.

f(_l) (z) , the formal compositional inverse about the origin of the formal o0.g.f.

f(x) =z + a1z + aga® + ... , and the noncrossing partition polynomials of A134264,
NCPy(c1, ..., cn) , give the same comp. Inverse, as indicated above, but in terms of the

coefficients of the 0.g.f. that is the shifted reciprocal of f(@) , i.e.,

hz) = 555 = 1+ az +ca® +

Then the classic Lagrange inversion theorem/formula (LIF) implies

D=} (h(@)" _ D) (b))~ DTl (i) prot dahr  pr
(ni_lcil( (n)) - (ni_lci'( (73) - (nz—_lg' f(n) - (nii(s'( In) - :L?O f( 1)(33')

KZ_l(Cl,...Cn_l) o K;nl(CAl,...,én_l)

= ASP,(¢1,....,¢n) = NCPy(c1,...cn) = = = ool

and, conversely,

D=} (h(x))™ D"} (h(z))™™ pr-} (Layn pr=t (75)" by o

= ASP,(c1,cn) = NCPy(é1, .oy by) = SomtlOont)  Kamalonacns),

n n



https://oeis.org/A133437
https://oeis.org/A134264
https://en.wikipedia.org/wiki/Lagrange_inversion_theorem

Flnally, we have from Schur, as noted above, that

Dpts (h@n™ _ Dty ()"
(n+1)! n (n+1)! n

pitt (S _ K,
= (nfk_l)' Ln - n (617 ceey CTL+1) - _bn+1(01, ...Cn+1).

Note for computational purposes that

D7 _
Kg(cla "'acn) = #70 Zkzl ngxm

= 27 (4 Dz aer™)? = 270 (1+ X, e,

where the last sum has a finite number of terms, ensuring the analysis is graded and, therefore,
applies to formal 0.g.f.s as well as convergent ones.

Identities among the reciprocal, associahedra, noncrossing, and the special
Schur self-convolution expansion partition polynomials

Reprising, the o0.g.f.s in the formulas for computing the Schur coefficients are

h(x) = oy = f(f) zg(2) =1+ c1@ + cox? + gz’ + - -

o) = 2 = 2 = .
h(x) f(x) l14+ciz+cox?2+czxr3+---

=+ &2 + éoxd + é3xt + - -

’

f(x):xh(x):$+01$2+62x3—|—c3x4+....

The coefficients of the o0.g.f. f(®) are determined in terms of the Cn by the signed reciprocal
partition polynomials Ry, of A263633 (see the appendix below titled ‘“The reciprocal

-1
polynomials”.. Then its inverse o.g.f. f )(x) can be determined either with associahedra
polynomials ASPp(E1,€2,...,¢n) of A133437 with the indeterminates £2n(C1; -, ¢n) = én or


https://oeis.org/A263633

with the noncrossing partition polynomials NCPy(c1,¢2, ..., ¢n) of A134264 with the
indeterminates ¢ . This is a verbalization of the identity

fEV(2) =+ > nso ASPy[Ri(c1), ...y Ru(ct, ..y )]
=2+ 5, NCP,[c1), ..., ¢l

and we can identify

NCP,lc1),....cn] = ASP,[R1(c1), ..., Ru(c1y ..oy cn)],
which I'll express more concisely as the substitution/composition identity
[NCP] = [ASP][R]

for the three sets of partition polynomials.

In addition, the coefficients of the inverse o.g.f. f(_l)(x) are determined by the
ASPp(c1,e2,00) orpy NCP,(é1,82,.,80) - thatis,

fED () =2+ Y onso ASPy[er,..cn]
=x + ZnZQ NCPn[Rl(Cl), ...,Rn(cl, ...,Cn)],

and we can identify

ASP,[c1,...ch] = NCP,[R1(c1), ..., Rn(C1y.oey )],

and conclude

[ASP] = [NCP][R]

2 _
consistent with [R] = [I ] , the identity transformation under substitution.

Consequently,

g V(A1) = 7



— 1
- 1+NCP1 (Cl)SU+NCP2(Cl,02)332+NCP)3(61,62763)$3+NCP4(01,02,C3,C4):L’4—|—'-~

_ 1
T 141 m+(02+c§)x2+(03+30201 +c§f)m3+(04+4cl c3 +26%+66%62 +c‘11):r4+---

=1—c12 —cox? — (c162 + c3)a3 — (c3cy + 2c105 + 2 + cg)a* — -+

:1+bl$+b2$2+b33§3+b4$€4—-"

ch,c K2c,c,c K?’c,c,c,c
:1—01.@—%%‘2— 3(132 3) 03 4(142 3:04) 4

=1 + Rl(NCPl(Cl))I —+ RQ(NCPl(Cl),NCPQ(Cl,CQ))ZUQ
+R3(NCPy, ..., NCP3)ax3 + Ry(NCPy,.... NOP)x* — - - |

where the reciprocal polynomials Ry, for 0.9.f.s (A263633 mod signs) are determined by

1+ ZnZl Rn<d17 ceey dn)xn = 1—|—d1:p+d2m12+d3:£3+...
=1+ (—dl)x —+ (d% — d2)$2 + (—dil)’ + 2d1d2 — d3)$3 + (dil — 3d%d2 + 2d1d3 + d% — d4)[lj4

We can distill from these identities that

] = [RIINCP].

Because the reciprocal is an involution and

R,INCP(c1),....,. NCP,(c1,...,¢cn)| = bn(c1, ...,cn)’

then
R, [bi(c1),..c;bn(cry.yen)] = NCPy(c1y .oy Cp),

or



[R)[b] = [NCP].

Repeating, once again, arguments above, since

2

f($) - h(xgc) = fa(cx) - 1+c1:c—|—02;j2+031’3+~~- =x+ Ry (cl):c2 + RQ(Cl,CQ)CCS + ..

then
fEY(z) =24+ NCPi(c1)2x? + NCPs(cy, c2)x + ...
=x + ASP[Ry(c1)]x* + ASPs[R1(c1), ..., Ra(c1,y ooy cn)]z3 + . ..
and
NCP,(c1,...,cn) = ASP,[Ri(c1), ..., Rp(c1, -oscn)]
Since also from above,
R, [bi(c1)y s bp(cryeceycn)] = NCP,(c, ..., cn)
and the reciprocal polynomials form an involutive set,
bn(ciy...;cn) = Ry [INCPy(c1),...,NCP,(c1,...,cp)]
= R,[ASP[Ri(c1)],..., ASP,[Ri(c1), ..., Rp(c1,...,en)]]
More concisely, we have the conjugation

[b] = [R][NCP] = [R][ASP|[R] = .[R]~'[ASP][R] = [R][ASP][R]~".

Reprising and iterating the basic Identities among the reciprocal, associahedra,
noncrossing, and the special Schur self-convolution expansion partition
polynomials

Reprising for brevity,



[ASP] = [ASP]~*
[b] = [R][NCP]
[R][b] = [NCP]

[NCP] =]|ASP][R]

[ASP] = [NCP|[R].
Combining the identities,

[ASP][b] = [NCP][R][b] = [NCP][NCP] gnd, consistently,
] = [ASPINCP][R][b] = [R][R][b] = [b] = [ASP|[NCP|[NCP] = [R][NCP].
We can identify the conjugation, or 'similarity’, transformation

[b] = [RI[ASP][R] = [R]~'[ASP][R] = [R][ASP][R]~"

an isomorphism between an involutive Lagrange inversion set of partition polynomials [ASP]
for compositional inverse pairs of 0.g.f.s and an involutive Lagrange inversion set of partition

polynomials [0] for compositional inverse pairs of particular Laurent series.
Note that the five pairs of partition polynomials

[R] and [ASP], [R] and [NCP], (R and [b], [ASP] and [NCP] , or [0] and [NCP]

are sufficient to generate the remaining two sets, The pair [ASP] and [blis not sufficient to

do--they can generate even-order self-compositions of [NCP] [NCP] s the only
non-involutive set. (For completeness, examples of partition polynomials generated by

[b][ASP] are in one of the last sections of this pdf.)

We also have the miscellaneous relations, derived from the above,
[NCP]*™ = ([ASP][b))"™

[R][b][R] = [NCPJ[R] = [ASP],



bI[R] = [R][ASP] = [R][NCP][R]
([b][R)™ = RINCP]"R

[NCP]" = R([B)[R])" R = ([R][b])" = ([ASP][R])"

My MathOverflow question “Combinatorics of iterated composition of noncrossing partition
polynomials” and blog post “Matryoshka Dolls: lterated noncrossing partitions, the refined

Narayana group, and quantum fields” presents more info on the [NCP]™ = [N]™ which | call
the refined m— Narayana polynomials for m any integer, a group with the two generators

—1
[NCP] = [N] and its inverse set of partition polynomials [?V]™ " under iterated substitution, or
composition. The blog post also presents the parallel e.g.f. / Taylor series version--the refined
Eulerian group. (More on these groups in forthcoming pdfs.)

The direct bijections with Shur self-convolution expansion coefficients are

R K,

ASPH%

Kn—l
n
n—1

b+

The general Schur self-convolution expansion coefficients K7 encompass the important
partition polynomials characterizing the various avatars of Lagrange inversion of 0.g.f.s.--one
array to rule them all.

A change of variables in the equations giving the inverse of 9(%) leads to a slight variation in
the arguments above and the same basic identities among the partition polynomials:

w(z) =z g"V(1/z) =z + bi(c1)a? + ba(cr, c2)a® + bs(cy, co, c3)at + -+

2 1

R — X
=X LD /z) — 1+NCPi(c1)a+NCPa(c1,c2)22+ NCPs(c1,...03) @5+

so we can use either the A5 Py to determine the compositional inverse of w(x) orthe NCP,
leading once again to the identities


https://mathoverflow.net/questions/425283/combinatorics-of-iterated-composition-of-noncrossing-partition-polynomials
https://mathoverflow.net/questions/425283/combinatorics-of-iterated-composition-of-noncrossing-partition-polynomials
https://tcjpn.wordpress.com/2022/07/08/iterated-noncrossing-partitions-and-quantum-fields/
https://tcjpn.wordpress.com/2022/07/08/iterated-noncrossing-partitions-and-quantum-fields/

ASP,bi(c1),...;bp(c1y..cscn)] = NCP,[INCPy(c1),.... NCP,(c1, ..., ¢cn)]
- ASPn[Rl(NCpl(Cl)), ceey Rn(NCPl(cl), ...,NCPn(Cl, ceny Cn))]

and

bn(Cl, ceey Cn) == ASPy,[NC’Pl[NC’Pl(cl)], ceey NC’P,L[NC'Pl(cl), ceey NCPH(Cl, ...Cl)”,

confirming

[ASP][b] = [NCP][NCP]

and leading, via [ASP]2 = I, to the variation

[b] = [RI[NCP]

Spot-checks:

For easy reference, with co = 1and an obvious abbreviation of notation, the first few partition
polynomials of the special set of Schur expansion polynomials are

b1 = —C1

by = —c2

by = —(c1c2 +¢3)

by = —(ciea + 2c1e3 + €3 + ca) |

bs = —(cica + 3c1c3 + 3cfes + 3cacs + 3cica + ¢5)

the first few refined associahedra Euler characteristic polynomials are

Al (U1) = —U1,

Ao (uy,ug) = 2u? — us



Az (ur, ug, uz) = —5uf + Suiug — uz

Ag(ur,us, uz, uy) = 14ut — 21uus + 6uyusg + 3ud — Uy
and

Ni(ur) = uq

No(uy,us) = uf + uz

Ns(u1, uz, uz) = ug + 3usug + uf

First check:

Ai[] = —(—a1) = a1,

and

Ni[Ni(c1)] = a1

Second check:

Aalby, ba] = 2(—c1)? — (—c2) = 2¢3 + 2

and

Na[Ni(c1), Na(er,e2)] = ug + Ui |u, =Ny (ers.sen)

=co+ i+ 2 =Cg+26%,so

A2[N1[Ni(c1)], N2[Ni(er), Na (e, e2)]]

= Asler, eo +2¢f) = 2¢§ — (c2 4 2¢3) = —ca = ba(cy, ¢2) |
Third order check:

As[by(c1),ba(c1, c2),b3(c1, ca,c3)] = —5b3 + 5b1by — b3

= 50“;’ + 5cico + ciea + c3 = 5051‘ + 6cico + c3



and
N3[Ni(c1), Na(c1,c2), N3(c1, ez, c3)]
= (c3 +3cact +¢f) +3(cf +c2)(c1) + ¢} = c3 + 6c1ca + 5¢f

which is the third row of A338135.

Fourth order check:

Aylbi(cr),ba(cr,c2),b3(c1, ca,c3),ba(cty ..., Cq)]

= 14b — 21b3by + 6b1b3 + 3b3 — by

= l4ci + 21c3co + 6(cy)(c1ea + ¢3) + 3¢3 + (cea + 2c1c3 + €2 + ¢4)
= 14cf + 28cac] 4 8czer + 4¢3 + ¢y

which is the fourth row of A338135.

Fifth order check:

As(by,...,bs) = —42b7 + 84b3by — 28b1b3 — 28b2b3 + Tbiby + Thabs — bs
= 42¢3 + 84c3co + 28¢1¢3 + 28¢2 (c1ca + ¢3) + Tey(c3en + 2¢1c3

+ 2+ cq) + Tea(erea + ¢3) + (c3ca + 3c1¢2 + 3c3es + 3eacs + 3eieq + ¢5)
= 42¢} + 120c2¢t + 45c3¢7 + 45c5c1 + 10cscr + 10cac3 +¢5

which is the fifth row of A338135.

More illustrations and checks:

@) — (1 4 ez + c92? + 323 + caa) /1 = 1 + cra + cpa? + ..,



https://oeis.org/A338135

Kl
in which the coefficient of 22 is T — 02 = €2

(h(g))g = (1 + clz + cax® + c323 + cu2?)3 / 3

=1/34+ciz+ (2 + c2)x? + (¢} /3 + 2cac1 + c3)x3 + (cac? + 2c3¢1 + 2+ cq)xt + ...,

3

in which the coefficient of z* is "5~ = ~b4_
Ry(NCPi(c1), NCPy(c1,¢2)) = (d3 — d2)|a,=~nCP,
= (NCPi(c1))?> = NCPs(c1,c2) = (¢1)? = (ca + ¢3) = —co = bo.
R3(NCPi(c1), NCPy(c1,c2), NCPs(cy,...)) = (—d} + 2d1d — d3) |4, =~ncP,
= —c +2c1(ca + cf) — (e3 + 3eacy + ¢f) = —(cac1 + ¢F) = bs.
Rolby,....ba] = (d3 — d2) |a,=b, = (—c1)? — (—c2) = 2 + co = NCPs(cy, c2).
R3[b1, ..., b2] = (—d3 + 2d1da — d3) |a, =,

= —(—Cl>3 + 2(—01)(—02) — (—(61C2 + 63)) = C‘{’ + 30162 + C3 — NCPg(Cl,CQ, Cg).

The first few associahedra polynomials ASPn of A133437 with a shift in indices and uo = 1
are

ASPy =
ASP, = —uy

ASPy = 2u? — Uy

ASP; = —5u3 + Sujus — us,

SO

ASPs[R(c1), ..., Ra(c1, ¢2)] = (2uf — u2) |u,=R,



=2(—c1)? — (2 —c3) =3 + ca = NCPs(cy,c2)

and

ASPs[Ry(c1), ..., R3(c1y s c3)] = (—=5us + buiug — u3) |u, =g,
= —5(—c1)? +5(—c1)(cF — c2) — (=3 + 2c102 — ¢3)

= C? + 30162 +c3 = NCPg(Cl, ...,03).

K
The set of Schur coefficients  n } have an interpretation as the coefficients of the o0.g.f. of the

-1
inverse f( )(33) of f(x) about the origin in terms of the coefficients of the shifted reciprocal

€T

iy = @) = 1+ cix + coa® + c32® + - =z g(1/x)

since, by the Lagrange inversion formula,

KYZL_I = (Z;i;fﬁ! SOk = NCP,(c1, ..., ¢n).

n

Checks:
(Co +c1x + 021132 + 03333 + C4ZL’4 + 055(75 + C6ZC6)4/4

4
— % 4 3 3, 3.2.2\.2 3 2 3.3
= 2+ cgerx + (cacd + 3cicg)z” + (coct + 3cgeacy + cies)x

4
C
+ (5 + 3cocac? + 3ceser + 23t + cjea)at

+ (cac3 + 3cgesc? + 3cgercd + 3ckeieq + 3c3eacs + cies)a® + - -

The coefficient of the third order term is



NCPs3(co, -, c3)) = (coct + 3cgeact + cjes)

the fourth order coefficient of the o.g.f. for f(_l)(g:) per A134264.

(co + 1o + cox? + c32® + caz + c52® + c62%)% /5
=5 /b + cherr + (2¢ic3 + ciea)x? + (2¢3c3 + 4cdeacy + ches)a®

+ (cdeq + 2¢3¢3 + Acdeics + 6c3cicy + coct)xt

5

+ (F + dcoeact + 6cgese] + 6ciercs + 4cgerey + Acieacs + cjes)a®
+ (cfea + 6cpcicd + depcies + 2¢3e3 + 12ckcieacs
+ 6c3cics + 2¢3¢2 + Acieacy + Acieies + cheg)x® + - -
The coefficient of the fourth order term is

NCPy(co,...,cq) = cgeq +2¢3¢3 + dcdcies + 6c3cien + coct)

per A134264, the coefficient of the fifth order term of f(_l) (z) .

Reductions, or specializations, of the special Schur self-convolution expansion
coefficients bn

Reduction to the Catalan numbers (A000108):

The following analysis reveals that the sums of the coefficients of the partition polynomials 0n
are the celebrated Catalan numbers.



An o.g.f. for the Catalans is
Cat(x) = ﬂ =2 > Catpz”
=z + 22 + 223 + 5zt + 142° + 4225 + - -
with inverse
Cat ™ Y(z) =2(1 —2) =2 — 2?
Let
f(z) =Cat™Y(z) = 2(1 — z).

Then

fEV(x) = Cat(x) = x + 2% + 223 + 52* + 1425 + 4226 4 ...

and

z

h(a:):%:1%—1+x+x2+$3+...:anocnf-

Consequently, the general formulas give

g(x)th(l/x)zf(ll/m) :J3+Cl+%+c—3+"'

2

—1 _ _ _ 1414
LL’g( )(1/33) - f*f(gc) - Cajtg(:c) - 1—\/3231—490 - 2 :
=1—z—22—-223 bzt —142® +...=1—
1 o 1 o 2 . 1++/1-4/x
97V @) = senarm = 142 2
el l-A-A-H-B--

Zn21 Cat,x"



Kn+1 1
:x_l_znzl n PIO

This establishes that —b,(1,1,...,1) = Cat,,

Reduction to the Narayana polynomials (A001263)

The associahedra partition polynomials ASPp(c1; -, ¢n) are arefinement of the Narayana
polynomials, and the following analysis will show that the partition polynomials

bn(c1,...sn) = bn(a1, -..,an) are another refinement of the Narayana polynomials.

From A001263, a shifted o.g.f. N(z,t) in z for the Narayana polynomials in t is

N(z, 1) = V- Gro—ae

2
T+(t—1D=

= tx +to® + (t* + t)a® + (83 + 3t% + )z + (t* + 6t3 + 6t% + t)x°
+ (t° + 10t* + 20t3 + 10t% + )25 + - - -

with the inverse about x = 0

—1 _ T _ x
N )(x’t) T A1t T ttata?tades

For a specialization of our general formulas, let

f(l’) = N(_l)(ﬂf,t) = 1 x_1_|_t = t+x2—fa:3+~~-

1—=x

W)=y =t+e+a?+ad+- =30 S cpa”



2z 4tz
— 1+t 1)4”” 1 /1~ GFa-na2
tx — T >
-Vi-areSer ¢ e

= (D1 —(Pz— D)a? — (t+ 1) — (2 + 3t + 1)a*
— (3 +6t2 + 6t + 1)2® — (¢t + 103 + 202 + 10t — +1)25 + - - -

:b0+blx+b2$2+b3$3+"‘,

- _ 1 _ 1
gV (z) = fCO/x, t)  N(1/z, t)

_ (l)m . (l) 1 t+1  t243t4+1  t346t2+61+1 4o
L L

T 2 x3 2

b
=box +bi + 2 + 2%+ ,  (expansion about T = 00),

and

9(z) =z h(l/2) = 3575 = §= 1)(1/x D)

=z (= —1+1)

=te+1+14+ 5+
=cor+c+ 2+ %+

This establishes that summing coefficients of the monomials in the numerators of the inversion

k
polynomials br(Cos €105 Cn) with like powers k for €0 in the monomials generates the
Narayana triangle.



Consistency check:

K:+1 — Di:o (h(ff))4 — Di:() (t+$+$2+$3+$4+$5)4
4 - 5! 4

n 5!
= Doco[pd /4 4 35 4 (83 + (3t2)/2)a2 + (£ + 32 + t)a
+(t3 + (9t%)/2 + 3t + 1/4)z* + (13 + 6t2 + 6L + 1)a® + - -]
=134+ 6t2+6t+1=—bs(co=t,c1 =1,c0=1,c3=1,c4=1,c5 =1).

The plots below, generated with the website Desmos with ¢ = 2.7, provide a more complete,
precise, picture of the inversions for the specialization for the Narayanas.

The curves plotted below in the four graphs are the
purple curve: bisecting diagonal, inverse curves are reflections through this diagonal

y==x
black curve: the function ¥ = 9() , with a singularity at = 1

y=1z (= —1+1)

l—x

=g(z) =z h(l/z) = f(ll/:c) - N(*l)%l/m,t)

. inverse of the black curve ¥ = 9(%) i.e., its reflection through ¥ = %

x:y(ﬁ—l—{—t)

=g(y) =y h(l/y) = f(ll/y) - N(*l)l(l/y,t)

red curve: inverse of ¥ = 9(Z) about * — o0 (and an interval near zero)



1+ 1_‘17%1

a+i55)2
2
(+55)

1
N(1/z,t) when x gives areal Y.

= g(_l)(gj) = f(_l)(l]_/m, t) =

green curve: inverse of ¥ = 9(%) for = in an interval about the origin

9 (@) fEOA/z,t) 0 N(1/z,t) when x gives areal Y.












Reduction to the triangle A091869 enumerating Dyck paths and ordered trees

Above we found reductions of the coefficients of the inverse polynomials to the Catalans with
h(z) =1+x+ r? 4+ ad 4 ,i.e., with all ¢» = 1 and to the Narayanas with

_ 2, .3
h(z) =t+z+2*+2°+ - e with co =t and otherwise ¢» = 1. Next consider



h(x):1+t33+552+333+x4+-"=fm.

1—x

For the triangle A091869, an o0.g.f. Is

T(CC, t) = (1+(1_t)m)_\/(1+(12_t)x)2_4x(1+(1—t)x)

=x+a?+ (t+ 1)+ 2+ 2t +2)at + (#3 + 3t2 + 6t + 4)2°
+ (t* + 483 + 1262 + 16t + 9)ab + - -+,

and these seem to be the polynomials of interest from reducing bn(ct, ... cn) by substitution of
c¢1 =t and ¢k = 1 otherwise.

The shifted reciprocal is

x — 2x
T(x,t) 1+ (1—t)z)—/(1+(1—t)z)2—dz(1+(1—t)z))

=1—a—tx?+ (> — D23+ (=3 =3t — Dt + (—t* — 612 — 4t — 3)z> +--- .

For the second order terms and above, these are the signed polynomials of AO91867, whose
inverse is

X _ x—a:2

xz —
— —x+te ~ 1+teta+a3+- T 14(t—1)(z—a?)”

1—x

—1 _ 2
a composition of the inverse CattV(z) =z — = of the shifted Catalans and a simply

4
invertible Moebius transformation 1+(t—1)z

A091867 with an extra initial row has the 0.g.f.

4x
T I+(-tz
2

=x+te? + (2 + 1) + (3 + 3t + 1)t
+(t* + 6% + 4t + 3)2® + (t° + 103 + 10¢% + 15t + 6)a® + - - -

while its shifted reciprocal is


https://oeis.org/A091869
https://oeis.org/A091867

2x
4,.
1_\/1_ 1+(1it)a;

=1—tox— 22+ (—t—1)ad + (=2 =2t — 2)a* + (—t3 — 3t — 6t — 4)2® + - --

an o.g.f. for the negated coefficients of A091869, which we wish to show are the
bn(t,1,1,1,...,1) je. the sequence

1, —t,—1, =(t+1), (2 +2t+2), —(>+3t2 +6t+4), -
Now consider the Schur expansion coefficients.
(25 —a+yz)!

7}
=1/4+yx+ Ey? + )az? + (y® + 3y + 1) + (2y* + 3y? + 3y + 2)a?

+ (y® + 3y + 6y + 4)z5 + - --

the last polynomial is
4

B = P +3y2 + 6y +4)

the third order polynomials of A091869,

while the polynomial of the third power of z is
4

B =P +3y+1)

the third order polynomial of A091867.

Likewise

(25 —z+yz)®

1—x

5

=L tyr+ 22+ 122 + (20° + 4y + 1)a® + (y* + 6y + 4y + 3)z?
+(2y° + 4y® + 6y + 10y + 5)a® + (y* + 4y + 12y + 16y + 9)a® + - - -

with



5
% = (y* + 43 + 1292 + 16y +9)

the fourth order polynomial of AO91869,
and

5
Bl =y 4 6y2 44y +3
the fourth order polynomial of AO91867.

The highest exhibited coefficients, e.g., (y° 4+ 3y + 6y + 4) . are

n  (n+1)! n

4 2
the polynomials of A091869. The third to the last coefficients, e.g., (¥~ + 6y~ + 4y +3)  are
the expansion coefficients

Ky 4 Dr g (25 —ztyz)"

n (n—1)! n

giving, via the Lagrange inversion formula, the coefficients of the compositional inverse of

T — X — X
/(@) (@) = TtYT e giving the polynomials of A091867.

Now with our just acquired familiarity with the relevant triangles, let’s repeat the analysis for the
Catalans to prove the alleged reduction/specialization for the special Schur coefficients with

c1 =1 and otherwise ¢n = 1.

An o.g.f. for A0O91867 is

Hix t) = V=00

2

with the inverse in = about the origin

(-1) _ T _ T
H (Z’,t) T g+t 1+tzta?4a4--

1—x

Let



fl@)=HED(2,t) = =

T ettt
Then
fEV(x) = H(x,t)
and
h(z) = f(a;) = # = 1;3 —r4tr=1+te+22+23+---

T—z 7Ttz

= ano cpx™

Consequently, the general formulas give

g(l‘)th(l/x):f(ll/m) =$+Cl+%+%+"'

=z+t+i+5+H+---

and

2x
4
_\/1_ 1+(1l—‘t):1:

gV (1/2) = i = e = 1

144 /11— 32~
— 9% 1+(1—1t) 1+ /1__1+(4113t)x

Tasy: = A+ (1 -1z p

_1+(1—t)z+/(A+(1—t)z)2—dz(1+(1—t)z)
- 2

= (14 (1 — t)z) — L0792 =V/(+A-02) ~de+(1-02)

=14+ 1—-t)x)—T(x,t)



=1+ —-t)x)—[r+2*+{E+ )23+ (2 + 2t + 2)2t + (13 + 3t% + 6t + 4)2°

+ (% + 4¢3 + 12t% + 16t + 9)2® + - - -]

=1—ter—a?—(t+1)a® - (2 +2t+2)x* — (3 + 3t2 + 6t + 4)2°
— (P + 43 + 1262 + 16t + 9)ab + - -]
— 1 —tx—znzo Tnxn+2.

T, are the polynomials of A191869 with those of the infinite series just above, and these are
the specialization for bn . This claim follows from the general formulas as

zg =V (1/2) = =5y = wem
=1—tx =3 soTnr

:1+b1$+b2$2+b3$3+"‘

Kn

n

This establishes that —0n(t; 1, 1) =710 for n > 1 and bo = 1 and bi(c1) = —c1 = —t

Reduction again and mutual recursion formulas

Naturally, these reductions illustrate the following general relationships, a briefer presentation of
the relationships used to prove the reduction results above. From these a recursion relation is
evident.

Given
_ 2 _ _ 1
hz) =14 iz +con” + -+ = F@) = Traata T ,
Knpa(ernenin) _ DRES (h(z)"

bn+1(61, o Cn+1) - n T (n+1)! n



S o) S G e DA )t S
- (n+1)! n T (41! fFED(2)

which are the coefficients of the o.g.f. for =" () with the obvious definitional convention

K} i(c1,.ent1) o
_ - o i=

—C1

whereas

KI'_((c1onen—1) _ DiZq (h(@)"
n (n—1)! n

NCP,_1(c1y.ceyCp1) =

D=} (555" D"_, p(—
= (nz—_lg' f(n) = :L'_O‘f( 1)(1')

I

~1
which are the coefficients of () as a power series for 7 > 1.

(h@)™ _ (Fm)"
Consequently, in the series expansionof n =  n | we expect to see this relationship

reflected in the polynomials of the 7 — 1 and 7 + 1 order coefficients of the expansion.

f(_l)(:c) z —1
Thenalsosince = fCP (@) , the two sets of polynomials Un(¢1, -, ¢n) and

Uz) = w V(z) =

_x
V€1, .., €n) with the respective 0.g.f. and FEH (@) satisfy the

convolution identity

Sy UkVi g = 6, = 0"

Equivalently,
n—k—1
Zn K;’§+l _Kn—k: _ 5
k=0 k+1 ~n-k-1 _ 9n
Ky

. . . Zntl —
with, again, the convention ~ = [n=0 €1

and
ZZ:O NCPk(Cl, ...,Ck) bn—k(cl, ,,,,cn) — 5n

The convolution identity can be translated into a mutual pair of recursion relations (compare with
the e.g.f. equivalent A133314): Given one sequence the other can be determined from



U, = UV

or

Vo =— Z;:é ViUp—k.

Equivalently,
from

Zk 0 I:: _5215—:;1 :571,

AL S S

k=0 k1 ~n—k—1

or

—Kp ' _ —yn Kn p'' —Ki!

n—1 k= o n— k:—|—1 k—1
Equivalently,
b (1o n) = — 070 Kk (e, )
= — SO NCP,_g(c1y ey Cni) br(cr, .ocr)
or

KZ+1(C1,...,cn)

n+1

== NCPn(Cl, cees

_ n—1 K:Jrl
_Zk:() k1 bn—k(clv"'

Example:

cn—k)

cn) - Zz;é NCPK‘(Clv

,Ck;) bn—k(Ch

Cn—k)-



_ 1 _ _ 2 34 ...
From the last reduction with h(x) =1z T+ tr=1+tz+2°+2°+ ,

X 117(1—$) m—:z:2

flx) = h(z) 1+tm+mg+x3+-~- T I _ittz  H@—Da(l—z)  I+{—D)(z—22)

1—x

- 1+(tz—1)z with # = x(l — x) =z — 2?2

The inverse of the linear fractional, or Moebius, transformation

M(2) = ==
is
MED(2) = =

1 0 1 0
as is easily determined from the inverse of the matrix ((t—l) 1) , Which is ((1—t) 1) )

The inverse of the Catalan sequence o0.g.f.
Cat(z) = 1=V1=4 V21_4w =z + 22 + 223 + 5t + 1425 + 422% + - -
is

Cat™V(z) = 2(1 —z) = 2 — 22

Then

f(z) = M[Cat=Y ()] = 1+(tic1_)a(cx—a:2) - liw—mxjttm
o z(l—x) _ x _

T 14(t-1)z(l—2x) — l1+tzta4z34-- T m/h(x)

with inverse in x about the origin

FED (@) = Cat[ M (2)] = oV 2N wme)

2

=x+tx? + (2 + Dad + (83 + 3t + Dat + (t* + 612 + 4t + 3)2d



+ (t° + 10t3 + 10t + 15t + 6)2® + - - -
which is an o.g.f. for AO91867.
Then

Uz) = {72@ _ CatM D ()]

xX xX

=1+tx+ (12 + Da® + (3 + 3t + 1)a® + (t* + 6t% + 4t + 3)2?

+(t° + 10t% + 10t* 4+ 15t + 6)2° + - - -

V()

= FO@ — Cali O]

=1—tr—a2?—(t+1)23 - (2 +2t +2)2* — (3 + 3t + 6t + 4)a® + - -

Since
T _ 2z — or 1+vV1—4x _ 14+/1—4x
Cat(x) =~ 1—+/1—4z 4x - 2

1+4/1—4M (1) (x)
T

2M (D (2)

Cat[Mg(c—l) @)] —

H’\/ 1—4( 1+(1z—t)z)

2( 1+(1w—t)z)

=T

1+ —t)z+/(A+(1—1)2)2—da(1+(1—t)z
- 2

=14+ (1—t)z— 1+<1—t>z—x/(1+<1gt>z>2—4x(1+<1—t)z

=14+ (1—-t)z—T(x,t)

where 1'(z,1) is an o.g.f. for A091869 as can be confirmed by solving the quadratic formula in

that entry # G? — (1 +2—t2)G+1+2—12 for G This all agrees with the earlier analysis
for the reduction.



The results could easily be extended to the Fuss-Catalan sequences, whose 0.g.f.s FCp(x)

(=1) _ 1
are the inverse of FCy, (55) =z —a"t . The Fuss-Catalans have several combinatorial

interpretations and would provide other simple specializations of br with potentially useful
interpretations.

Now let's check that the Cauchy convolution identity holds with our example polynomials.

S UVie =UpVo=1-1= iy

S0 UV = UiVo + Uy =t —t =0

S o UkVak = UaVo + UrtVi + UgVa = (82 +1) — 2 + (=1) = 0_
S o UV = UsViy + UsVi + Uy Vs + U Vs

=@ +3t+ D)+ (P +D(=t) +O(=1) +(=(t+1)) =0

Check that the indices are correct for the convolution of the 55 |

3 3 (=1 (g 4 4 3_ x))?

& 3! x 31 1
_ D, ()t D, (Epatta)t g
= T3l 4 = T3l 1 =t +3t+ 1_
V3 = Dizo_V(m) _Dio & K2 D3 (hx)® _ D, (3&)°
’ 3t 31 fEU(@) = 727 T T3l 2~ T 3l 2

_ D, (et

31 2 __(t+1).

From the convolution identity,

k —k—1
S ML s
k=0 k+1 n—k—1 ~— “n

’

1 —1
Ko 2le —(1)(1=1

’

1 Kk+1 —K’Z:k_l Kl _K© K2 _ g1
Y0 BT T = Tt ===+ =0




n—k—1 —1
2 I TR Ko —K; | Ki-K} | K; —K,
k=0

k+1 n—k—1 ~— 1 1 2 0 3 -1

= ()(=1) + (=) + (7 + 1)(1) =0,

A check of the recursion formula:

NCPy(c1, s en) = =Y 3Zg NCPi(ct, s k) bu—k(C1, Cnk) |
in particular

NCPs3(c1,.y¢3) = — Yag NCPi(ct, oy cx) bs_g(cr, e 1)
= —[NCPy bz + NCPy by + NCP; by]

= —[~(c1e2 +¢c3) + (c1)(—c2) + (c2 + cf)(—c1)]

=c3+3cic0 + ¢

Conversely,

by = — 32 _obp NOPs_j, = —[bgNCPs + by NCPy + by NCP,]

= —[(cs + 3cica +¢f) + (—c1)(cf + e2) + (—e2)(c1)] = —(es + cie2).

Example of the involutive property of the special Schur self-Konvolution partition
polynomials

The set of involutive Schur self-Konvolution partition polynomials is one of three examples
presented in my MathOverflow question “Examples of infinite dimensional involutions”.

For example, for the first four grades of involution are,


https://mathoverflow.net/questions/422539/examples-of-infinite-dimensional-involutions

by = -G = _—(11;/1501)0) =b

by = —ag = —(—bz) = b2

by = —(araz + agaz) = —[~(3)(=b2) + 5 ((=(bib2 + bobs))] = bs.

Note that the partition at doesn't occur in bn for n > 1.

Convolutions and umbral calculus:
Convolutions and umbral calculus:

The Schur coefficients can be calculated by an algebraic umbral method described in my post
"The Hirzebruch criterion for the Todd class" and applied to A134264. Switch from an o.g.f.

formulation to an e.g.f. by letting ¢» = an = qn/n! Then, in umbral notation, e.g., with

(a.)" = ar andwith (@)’ =ao=co=qo =1
h(z) =350 cna™ = e??
and

(h(x))™ = (™))",

where {--) indicates that the umbral evaluation is to be made before exponentiation by n. This
is also equal to

(h(z))" = et wed™ . ea™ @ = exp[(¢.V +¢.B) + -+ 0. )] | gooym g,

for which, after expansion in a Taylor series in  and reduction of all the polynomials to

4
monomial summands such as N (9(5)-) (‘1(2)-)1 , where N is some natural number, the
superscripts in parentheses are ignored and the power dropped to the empty subscript position
marked by the dots, or periods.

As an illustration and check of the computation, consider


https://tcjpn.wordpress.com/2014/12/14/the-hirzebruch-criterion-fo-the-todd-class/

_ K} Dy (h(=)® _ Di_o ((e27)®
—by = 3 T T4 3 - T4 3

_ Di_ exp[(g- P +q. P +4.®)) a] |
= T4 3 (¢-(F))m— qum

(. +q.+4.)*
= 413 ‘(q-<’“))m—> qm

The numerator can be re-expressed to reduce the clutter yet still stress the distinctions among
the umbral variables as

(¢ +¢.® +¢.C) = (A + B.+C)* = (Uy + Uz + Us)

where in the last expression the flag, or marker, for an umbral quantity, i.e., the dot or period, is
omitted.

Then use your preferred symbolic math app to obtain
(U1 + Us + U3)4 = U{l + 4U2U13 + 4U3Uf’ + 6U22U12 + 6U§U12
+ 120,U3U2 + 4U3U, + 4U3U; + 12U0,U2U, + 1202U3U, + U3 + Us

+ 4U,U3 + 6U2U2 + AU3U;

4 _ 94 _
with 15 terms and the coefficients summing to (1 +1+1)% = 3% =81 the number of ways
three symbols can be permuted with replacement in four linear positions. The coefficient of each
j G+kE) _ (j+ky _ ( 4
monomial Ui lef is J'kl T (j, k) - (j, k>

Return to the meaning of the umbral variables Ui, Uz and Us . As constructed, they are not

independent rather U™ = U3" = U3" = qm in the final unique expansion, so now perform
umbral reduction in the last expansion and accumulation of umbral variables by erasing
subscripts and then dropping/lowering the powers into the subscript positions to obtain

(U + Uz + U3)* = q4 +4q1q3 + 4G1g3 + 6g2q2 + 6q2g2 + 12¢1q12
+ 4q3q1 +4q3q1 + 12q192q1 + 12g2q191 + qa + qa + 4q193 + 69292 + 4q3q1

—(1+1+1D)gu+ @ +4+44+4+4+Dqqgs+ (64+6+6)¢3 + (12 + 12+ 12)¢7 ¢



=3-1q4+6-4q1q3 +3-6¢3 + 3 - 12¢3¢2

= 3q4 + 24q1q3 + 184¢3 + 3647 qo.

As a quick check note that these are integer partitions of 4, i.e., all the subscripts sum to 4 for

each monomial. The coefficients enumerate the number of ways that 3 symbols can be

permuted in 4 linear positions (e.g., a list, or a word, four letters long) with replacement such

that the number of times a symbol occurs in a list is designated by the subscript. For example,
only 3 distinct words can be formed from the three letters R, S, and T--(R,R,R,R), (S,S,S,S), and

(T,T,T,T)--in which the same symbol occurs 4 times; hence, the term 344 . For the monomial
41493 each word has only two distinct symbols with one symbol occurring once and the other

4
thrice. Note the monomial 91 does not appear since this would require the initial expansion to
contain a term such as %k4mdn with J Tk +m+n =4 gych that J, kK, ™, 7 are all distinct

numbers and only three distinct numbers are available.

Converting to the coefficients of the original 0.g.f. gives

(Uy +Us +U3z)* — 3qs + 24q1q3 + 18¢3 + 36qiqe = 3 - 4lcg + 24 - 3leics
+ 18 -22¢3 + 36 - 2cico

= 72¢c4 + 144cqc3 + 720% + 726%62.

Finally dividing by (7 + 1)!-n) |n—3 = 4!- 3 = 72 gives, correctly,

—by = %2 = c4 + 2c1c3 + c% + C%CQ.

4 _ 4
The expression (A1 + A2 + A3)* = (U1 + Uz + Us)” is a symmetric homogeneous

polynomial in three variables/indeterminates, and the coefficients of the monomials of the
expansion enumerate the various permutations of these three symbols with replacement.

Basic treatises on algebraic combinatorics state that, given distinct objects Cm of size

/cardinality Cm , the coefficient of 2* in the expansion of (7(2))" = (1 + c1z + Ccox” 4 -

counts sequences of objects (C1,Cs, ..., Cn) with a total size over all objects of k.




Other illustrations / spot checks:

(U + U2)3 = U13 + 3U2U12 + 3U22U1 + U23.

Erase subscripts and lower powers, change variables, and then accumulate the monomials:

U + 3UxU} + 3U3U; + Uy — U3 + 3U,Us + 3UsU; + Us

=q3 +3q192 + 3q2q1 + g3 = (1 + 1)gs + (3 + 3)q192 = 2¢3 + 6q1g2.
Change variables (4 = kle, = k:!an) again:

2q3 + 6q1g2 = 2 - 3leg + 6 - 2c1c0 = 12¢3 + 12¢1¢2

Divide by 3! -2 = 12:

K2
—bg = 73 :C3—|—6162.

1
Remark: the number of distinct monomials in the expansion of (U +- + Un)""

2n
https://oeis.org/A001791 = (0, 1, 4, 15, 56, 210, ...) = (n—1> .

Multinomial expansion:

First,

(Av+ By = 30050 () AT BT
Then with

B=A+C,

(A + Ag + O)ntl = S (MDY AT (A 4 O))

J=0 J

=5 (AT T L (DA

is given by


https://oeis.org/A001791

and so on so that with 7 — 1 summation symbols

(U1 +Us + ...+ Un)n+1
Zzl—l—lo (n+1)Un+1 k1 [Zk2 o (k:l)Uk:l ko [st 0 (k:g)ng ks

D SN () 1ol || O

n 1

_ (n+1)! kiyrkeo kn
=D kytkotothnen Tl U1 Ua?..Up

= TL+1 k‘l k2 kn
T Zk1+k2+4..—|—kn:n (k17k2 kn)Ul U2 Un .

~~~~~

Examples:

n=2:

n — 1 =1 so we have only one summation symbol
(Uy + Us)? = U} + 3U,U2 + 3U3U, + U3

(4 terms, sum of coefficients = 23 = 8)

= U3 4 3U,U? + 3URU, + U

For n = 3:
n — 1 =2 so we have the product of two summation symbols

(Ur + Us + Uz)* = U + 4U,U3 + 4U3U3 + 6USU? + 6U2U?



+ 120,U3U3 + 4U3U, + 4U3U, + 12U0,U3U, + 12U3U3U; + U4
+ Us + 4UU3 + 6U3UZ + AU3U;

(15 terms, coefficients sum to 3* = 81)

4 _ v k 4!
(Ur 4+ Uz + Us)™ = >k, —0 2oka=0 TR0 —Fa) o Uty —ke ke

1) k1 = 0 allows only k2 = 0 giving Ut
_ — 0 nivee (B =4\ UBU,
2) k1 =1 and k2 = 0 gives 31 1V2
— — 1 gives (31 = HULU
3) k1 =1 and k2 =1 gives 3 1U3
4) k1 =2 and k2 = 0 gives (5151 = 6)UTUS

5) k1 =2 and k2 =1 gives (51 = 12)UfU2Us

Because the polynomial are symmetric under permutations of the symbols, we have only four
unique coefficients and patterns that remain the same if different symbols are associated with

the subscripted ones: U — A4, AUPUy — 4A3B, 6UU3 — 6A%B? 44
120U Us — 12A°BC

Then, from the symmetry, there should be 3 terms of type A%, i.e., the forms A%, B, C'4;
3 -2 =6 terms of type 4A3B, i.e., the combinations (without replacement) A*B, A3C', B3A

, B3C, C*A, C3B; (3-2)/2 =3 terms of type 64282 ie., A2B?, A2C?, and B2(C?;

3 _
and 21 = 3 combinations (without replacement) of type 1242BC, i.e., A2BC, B2AC', and

C2AB.

2 _ 2
The umbrally reduced monomials are At — 44 A®’B — q3q1 | A’B? = qaqo = 4>  and
A’BC = qaquq1 = QQQ%_

Then reduction with the umbral power lowering maneuver U = am gives

(Uy + Uy +U3z)* — 3qs + 6 -4q3q1 + 3 - 6¢5 + 3 - 12q2¢° = 3qs + 24q3q1 + 18¢3 + 36q24>.



Converting with 9k = kley, , this becomes

3-4leg +6-4-3legey +3-6-22¢3 +3-12- 2¢0¢2
= T72¢c4 + 144c3cq + 720% + 72020?.

Finally, dividing by (72 + 1)! n =413 =72 giyeg
—by = ¢4 + 2¢301 + c% + CQC%_

One could think of the computations as successive decreasing levels of refinement or
increasing levels of coarseness in terms of sentences containing words:

The most refined level corresponds to the expansion of
(A1 + Az + A3)(B1 + Bz + B3)(C1 + C2 + C3)(D1 + D2 + Ds) treating the symbols as

noncommutative, generating 3* = 81 sentences with four words each and each word
containing only one letter.

Next, the words containing the same letter in a sentence are merged into a single larger word in
a sentence neglecting word order so that each word in a new sentence now contains a letter
distinct from those of the other words and possibly a different number of letters from the other
words in that sentence, that number being the word length. This corresponds to the expansion

4 . . . . . .
of (U + Uz + Us) , accumulating like monomials treating each letter/symbol/indeterminate as
commutative. The power of the indeterminate is the length of the corresponding word. Each
monomial is a grammarless sentence, i.e., the word order is insignificant, with a total length in
letters of four. The total sum of the numerical coefficients multiplying these

monomials/sentences is 3* = 81, and the numerical coefficient multiplying a
monomial/grammarless sentence is the multinomial coefficient.

The next level of coarsening is to ignore the letters in a word and count the number of
sentences with the same number of words and word lengths. This corresponds to erasing the
subscript of our indeterminates and dropping, or lowering, the power into the empty subscript

position; e.g. U = Umn — Gm | Consolidating, or accumulating, the reduced symbols gives

k
a monomial of the form % U with the sum of the products of subscripts with the corresponding
powers now four for each monomial, i.e., k-j+p-m=4,

Generalizing to any n > 1, we have then 7 + 1 indeterminates 9k comprising the monomials

n

of —bnt1 and “*n+1 of the form

1 ,.,€2 €n+41

MBQ7L+1[617€27 ceey 6n—l—l] - QT 42" ---dp 41 .



Each factor QZ’“ in the monomial for which €x > 0 can be associated with a proliferation of
symbols, or letters: 4 toa product of €1 distinct letters, %’ toa product of €2 doubled letters,
%’ to a product of €3 tripled letters, and so on with each multiplet of letters/symbols being
distinct. For example, qi)’ can be associated with

ABC = L1LyLy = 81151251 3 , which umbrally reduces to 9149191 = i :and % can be

h D?E?F2G? = L31212L2 =

2 @2 Q2 Q2
associated wit 52’15272527382’4, which umbrally reduces to

_ 4 e
42929292 = 92 . In general, the factor " can be associated with the symbol form

[T k . IS - - . k .
m=1"k,m with all symbols “%.m distinct for distinct pairs of natural numbers (k,m) with

k,m >0

The symbol form associated with the monomial MBQn+i1ler, €2, ..., ent1] s

SM,4+1le1,e2, ..., €nt1]

_ (QfL1 gl €1 €2,1 o€2,2 €260\ ... (QEn+1,1 @lnt12 | fntlienis
- (51,1 1,2 "'Sl,el ) (52,1 2,2 "'Sz,ez ) (Sn+1,1 Sn+1,2 Sn+1,en+1 )

All these considerations ignore the 90 = @0 = €Co indeterminates--they can be regarded as
equal to unity and do not enter into calculations of the coefficients of the monomials. Note that

€k,m = K for 0 < m < ey, and that €k distinct letters are associated with each and,
therefore, Ck or @k in the associated monomials. This applies only to those 9k whose
exponents €k are not zero, i.e., those 9k which naturally appear in the monomial for & > 0.
Stressing once more, upon umbral evaluation, the symbols associated with a 9k lose their

(S
individuality and are then multiplied together (or coalesce) to give %" .

1
From the combinatorics of the expansion of (U1 +Us+--+ Un)n+ and subsequent
umbral reduction and accumulation of symbol forms, with the relabeling

(E1,E9, Es, ... ENzE) = (€1,1,€1,2, -+, €1,615€2,15 -, €1,¢, 5 )
with NZE = e1 + ez + -+ 4 ent1 peing the number of non-zero exponents €k.m |

the coefficient of the symbol form is

(n)fo'r' first By (nfl)for second Ep, -+ (n+1)'
(no. of Ey equal to 1)! (no. of Ex equal to 2)!...(no. of Ei equal to n+1)! E{IE5.. EnzEg!




!
_ ("=NZE)! (n+1)!
T (no. of Ex equal to 1)! (no. of Ei equal to 2)!...(no. of Ey equal to n+1)! E{1Es!.. Enzg!"

Check with n = 4:
(Uy +Us + Uz + Uy)® — 4qs + 60q1q4 + 120g2q3 + 2403 g3 + 360q1¢3 + 2403 qo.

(Dlvide by 4 and reverse reorder to obtain 60,90,60,30,20,1 in A & S order. Neither vector is in
the OEIS.)

The monomial 95 comes from the form A® = A

with 1 =5, so the coefficient is

(n)for first By (nfl)fo'r second Ep, -+ (n+1)'
(no. of Ey equal to 1)! (no. of Ex equal to 2)!...(no. of Ei equal to n+1)! E{lE5.. EnzEg!

I
IS
|

|

o~

The monomial 9194 comes from the form A'B* = AP BF> , so the coefficient is

[N

2 -0

H|

The monomial 9293 comes from the form A2B3 = AF1 BF2 go the coefficient is

[N
w

%:120_

2
The monomial 9193 comes from the form ABC?3 = AF1 BE2C'Fs g0 the coefficient is

[N

.3.2
2

[

P =240

w

2
The monomial 9192 comes from the form AB?C? = AFP1 BF2CFs3 5o the coefficient is

[N

-3-2 5!
=57 g7 = 360

3
The monomial 9192 comes from the form ABCD? = A¢ B®2('®3 D® 50 the coefficient is



Check with n = 2:
(A1 + A3)? = A? 4+ 3A2A% + 3A3A1 + A3 [educes to
q3 + 39192 + 392q1 + g3 = 2q3 + 69192

The monomial 93 comes from the forms A3 = A1 , so the coefficient is

=

§-3

The monomial 9192 comes from the forms AB? = AF1 BF2 5o the coefficient is

2-1

W

=6

N

Check with n = 3:
(A1 + Az + A3)* reduces to
3q4 + 24g3q1 + 18¢2 + 36q242

The monomial 94 comes from the form A* = A , so the coefficient is

Y
B[
|
w

The monomial 4391 comes from the forms A3B! = AP BE? , so the coefficient is

321 ':24

1

I

w

2
The monomial 42 comes from the forms A2B2 = AP+ BE° , so the coefficient is

321 4! __
2 2!2!_18.

2
The monomial 4241 comes from the form A2BC = Ac1 Be*Ces , so the coefficient is



For n = 6:

from the derivative formula for the Schur self-convolution expansion coefficient,
3

1 =4
—%[aoa‘l’ag + 10a3a3a3 + 5agatas + 10a3a a3

by =
+ 30agaiasas + 10a3aias + 10aga3as + 10agaia3 + 20agaiazay

+ 10aga?as + badasay + Sajasas + Sajaias + adar].

With ao = 1 the change of variables 7k = klak and multiplication by 6 - 7! leads to the
reduced term

(6 - 71)(30a2asaz) = (6 - 7)52% 43 q2qs
from the expansion of (A1 + A2 + ... + Ag)"

2
The reduced term 919293 is from the form A'B'C?D3 = A¥1 BF2CFs D4 g0 the
coefficient, as deduced from the multi-factorial expression, is

6543 7 _ 1.30
2 2!3!—6‘7'2!3!,

agreeing with the alternative derivative computation above.

With ao = 1, the change of variables 9k = klak and multiplication by 6 - 7! leads to the
reduced term

(6 - 71)(10a3a2) = (6 - 71) 2% ¢3¢2

from the expansion and reduction of (Ay 4+ Az + ...+ Ag)"

The reduced term 919 is from the form A'B'C1D2E? = AF1 BE2CFs DP1pFs
so the coefficient is

65432 7 _ 10
3121 2!2!—6'7!W,

which agrees with the alternative derivative calculation.



With ao = 1 the change of variables 9k = klak and multiplication by 6 - 7! leads to the
reduced term

(6-7)(afaz) = (6-7)3¢7q
from the reduction of the expanded (Ar+ Az + ...+ Ag)"

The reduced term 9792 is from the form A'BC'D'EF2 — AF1 BF2(Bs DEs pBs fF ,
so the coefficient is

65432 71 _ 1
5! 2!—6'7!5,

which agrees with the alternative derivative calculation.

Multinomial (multi-factorial) coefficients for the monomials of b»

A direct multinomial formula for the the coefficients of the monomial summands of
_ K
—bn = n—1 follows from the formula above for the coefficients of the symbol forms.

For the monomial
MBQyle1, ez, ...,e,] = qflq?...qunﬂ

of —bn, we've established that the coefficient of the associated symbol form is

(n_l)fo'r first By (n_2)f07‘ second Ep, - n!
(no. of Ey equal to 1)! (no. of Ex equal to 2)!...(no. of Ej, equal ton)! E{'Es!.. EnzE!

T (n=1=NZE)! (no. of E} equal to 1)! (no. of Ej equal to 2)!...(no. of E} equal ton)! E1!Ex!..ENzg!"

The first €1 exponents, i.e., Eq through Ee, , all have the same value 1; the next €2
exponents, the value 2; the next €3, 3; and so on. Consequently,

El'E2'ENZE' = (1!)61 (2!)62...(1{3!)6""...(n!)e”.



In addition, the (no. of Ey equal to 1) ig e; : the (no. of Ej equal to 2) is ey : and so on.
Consequently,

(no. of Ej equal to 1)! (no. of Ey equal to 2)!...(no. of E} equal ton)!
= 61!62! T en!.

Making the change of variable 9k = klex = Klak and dividing by (n—1) ”!gives

1 (n—1)! o (n—2)!
n—1 (n—=1=>_7 jex)leil...ex! = (n=1-37_ er)l el . .en!

Cn[e()a €1,€2, ..., en] -

for the coefficient of the monomial

€0 ,€1 €2

J— (&
M, leo, €1, €2,...,e,] = agajtas®...alr

n

n—1 n! n—1 —  n! n—1

o= Ko7' _ DRy (h@)"T' _ Dig (aotaiztasa®t)”
n = .

(Throughout this set of notes | often have ¢n = an )

Related analyses in the literature are typically performed with @0 = ¢o =¢qo =1 |f ap # 0,1,
the monomial coefficient can be expressed as

1 (n—1)! (n—2)!
n—1 eglerl...e,! = egler!l...en!

Crleo,e1,€2,...,e,] = with 60+61+...+en=n—1.

For standard combinatorial interpretations of the multinomial coefficient, see the Wikipedia post
“The multinomial theorem”.

Examples:
Forn =717,

1 5 23,2 2 4 2
—b7 = a—g[aoa‘fag + 10a2a3a3 + 5atatas + 10a3aia3 + 30a3a?asas

+ 10a3aiay + 10aga3az + 10agara? + 20agarazaq + 10agatas


https://en.wikipedia.org/wiki/Multinomial_theorem

+ bajasas + bajasas + Sajaias + adar].

2
ajazas3 gives e1 =2,e=1, e3 = 1, so €1 +ex+e3 =4 agnd

(n—=1=>"7_jexr)! erlex! 7 20 21 ™ )

airazas gives €1 =1, e2 =1, e4 =1 g0 €1 +e2 +es =3 and

(n—2)! 15l
(n_l_”22:1 er)! eil...ep! 31 — 20

2 _ _
a103 gives €1 = 1, €3 =2 g0 e1 +e3 =3 and

(n—2)! 1
(n—=1=>"7_1er)! erl..ep!

wlz
N

=10

4 . _ _
ajaz gives €1 =4, e2=1 g0 e1 +e2 =5 and

(n—2)! 1
(n—=1=>"7_ ex)! erl..

®
T
I
=l
|
I
(S8

5 . — _
arjaz gives €1 =9, €2 =1 g0 e1 +e2 =6 and

(n—2)! 1 _ 51 _ 4
(n=1=>"%F_jex)! erl..e,! 7 05!
a7 gives e7 =1, so

(n-1)! L sl
(n=> %_qex)! eil...ex! 7 BI1L T

For n =4,

—by = a%ag + aoa% + 2agaias + a3a4_

2
For 4192,
e1 = 2, ezzl’and €1+€2:3,SO

(n—2)! 1
(n=1=>"F_iex)! erl.en!

2!
o!

l\D|;_\
Il
—_



2
For @2,
€2 :2,30

(n—2)! 1
(n=1=3"7_;er)! e1l..en!

N

=
ST

Il
—

For aoai1as

61:1’ 63:1’and 61_'_63:2,80

[

(n—2)! 1 _ 2!
(n=1=>"7_,ex)! erle,! 7 1!

=2

[

Appendix:

Some more identities for the general Schur expansion coefficients related to
compositional inverse pairs

Equation. 5.140 on p. 147 of “Enumerative Combinatorics Vol. 2” by Stanley (1999) is

(F(_l)(z) )

o) 5 = )

n ’

which has a critical, presumably typo, error making the RHS independent of k.
According to Stanley the result "goes back to J. L. Lagrange, Mem. Acad. Roy. Sci.
Belles-Lettres Berlin 24 (1770); Oeuvres, Vol. 3 Gauthier-Villars, Paris, 1869,

pp. 3-73. It was rediscovered by I. Schur, Amer. J. Math. 69 (1947), 14-26."

And, indeed, the correct version is eqn. 65 on p. 25 of Schur, which is essentially

(=1)
Y e "

o= = o] T

With k£ = 1, this becomes

n+1

n — n acz)
[z FCD (2) = [27] 25—

=bp.

Equation 5.53 on p. 38 of Stanley is



[2"] (1'?(71];(373))’c = [z H] (7y)" _ [z~ *] (ﬁ)n_

(The first equality is corroborated by spot checks using Wolfram Alpha with flz) =e” —1 )

h(z)

— X
Equivalently, with ~ fC&Y(=) | we have the identity

f(z) = xh(f(*)) and the LIF can be expressed as

- _[xn—k] (h(i)) .

With £ = 1, this is the classic Lagrange inversion formula

(2] () = [ 1] D = ) T

n

Appendix:
First few partition polynomials of the set [0][ASP] = [bA].
For easy reference, the first few 0] are once again

b1 = —C1

by = —c2

bs = —(c1co + 03),

by = —(cica + 2c1c3 + ¢34 ca)

bs = —(c3ca + 3c1¢3 + 3cies + 3cacs + 3ciey + cs),

and the first few refined associahedra Euler characteristic polynomials are

Ax(ur) = (—u1),

AQ(Ul,UQ) = (2u% — UQ)’



Ag(ul, usg, U3) = (—SU? —|— 5U1U2 — U3) ,
Ag(uy, ug, uz, ug) = (14u] — 21udus + 6ujuz + 3u3 — ug)

SO

bA1 = —(—Ul) = Ui

bAs = —(2u3 — u) = —2u? + uo,

bAs = —((—u1)(2u3 — ug) + (—5u + Bujus —uz)) = (2 — 5)u + (=1 — 5)ujus + us
= Tu} — 6ujus + us,
bAsL = —((—u1)?(2uf — ua) + 2(—u1)(—5uf + Sugug — uz) + (2ui — uz)?
+ (14u] — 21udus + 6ugus + 3ud — uy))
= —30uf + 36usu? — Suzuy — 4u3 + uy

The last polynomial reduces to —30t* + 36t — 12t% + ¢, and neither it nor its reverse is in the
OEIS.

Appendix::

O.g.f.s for reduced arrays for the special involutive Schur self-convolution
expansion polynomials bn

For the Narayanas,

(12 —1+y)*

1—=x

4 to order 5 for Narayanas

= 1yt e+ (7 + (By?)/2)2® + (v° + 3y* + y)a?



+ (v + (99%)/2 + 3y + 1/4)z* + (v* + 6y* + 6y + 1)2° + - - -

1+(t—1)z—y/1-2(1+t)z+((t—1)z)2
2

14+ (t—Dz—/(1+(t—1)z)2—4dtx
2

_ Atz
_ ! \Y, ! (1+(t—1)=)?
2

o T+(t—1z

=tx +ta® + (2 +t)ad + (83 + 32 +t)at + (t* + 613 + 612 + t)a®
+(t5 4 10t* 4 2083 4+ 1082 + t)a® + - - - .

Another o0.g.f. is

- dts
! ! (1+(—1)z)2

2tx
T+ (t—Dwx

=1+4+z+ (t+Dz?+ (2 +3t+ 1> + (£ + 6t% + 6t + 1)z*

+ (t* + 1083 + 2082 + 10t + 1) + - - -

An o.g.f. of A091869 with an extra row, 1,

(1—|—(1—t)cc)—\/(1+(1—t):1:)2—4x(1+(1—t):c)
2x

=1+4+x+ (t+ Da?+ (12 + 2t + 2)a3 + (¢3 + 3t% + 6t + 4)2?
+(tt + 413 +12t2 + 16t + 9)2® + - - -

Another o0.g.f. is

4
1—y/1- (1+(§ait)ac

2tx
1+(1—t)x



=1 +tr+t(t+ 1)a? + (262 + 2t + 1)a® + (43 + 612 + 3t + 1)z

+ (9t 4 16t3 + 1262 + 4t + 1)2® + - - -

(L4 (t=1D)z)—/((1+(t—1)x))2 —4ta((1+(t—1)z))
2

=to + 222 + (13 + 1223 + (2t* + 263 + 1)t + (45 + 6t* + 3t3 + 12) 2P
+ (98 + 165 + 12t* + 4¢3 + ¢2)25 + - -

Another o.g.f. is

/ 4
1—y/1- 1+(ttf1):c

2tx
T+(t—1ax

=1+ tx+t(t+ 1)a? + t(2t* + 2t + 1) + (43 + 612 + 3t + 1)z

+ t(9t* + 163 + 1262 + 4t + 1)a® + - - -

_ tx — x
As a Moebius transformation, the Inverse of Y= 01z s easily found to be Y= a0z .

This together with a suitable o0.g.f. for the Catalan numbers and its inverse allows the inverse of
the last o.g.f.

The partial array is

4, 6, 3, 1;
9, 16, 12, 4, 1,
21, 45, 40, 20, 5, 1,

51, 126, 135, 80, 30, 6, 1;



The o.g.f. of AO91867 is

Hix,t) = V!0

2

=x+tx? + (2 + Dad + (£ + 3t + D)at + (t* + 6t + 4t + 3)2P

+ (t° 4+ 108> + 10t% + 15t + 6)a® + - - -

The inverse in = about the origin is

(=1) — Z — x
H (Z’,t) T g+t 1l+tzta?4aS4--

1—x

_ I(l—l’) . J;—xz
= TH(-Dz(l—2)  I+@—1)(z—22)

For easy reference, the first few rows of the array A091867 are
1,

0,1,

1,0,1,

1,3,0,1,

3,4,6,0,1,

6, 15, 10, 10, 0, 1,

15, 36, 45, 20, 15, 0, 1,

36, 105, 126, 105, 35, 21, 0, 1

Appendix:

The reciprocal polynomials



Adding a general constant do # 0, gives

1
(do +d1 m+d2m2+d3x3+d4m4+d5x5+. ..

= L(1) -+ d—lg(—dl)x —+ dig(d% — d0d2)$2 + %(—d? + 2d0d2d1 - d%ds)xg
+ %(dj‘ — 3dodadf + 2d3dsdy + did3 — djda)a* + g5 (—d} + 4dodad?
— 3d3dsd? + 2d3didy — 3d3did3 + 2d3dads — dids)x® + ...

k
Summing coefficients of the polynomials in the numerators with like powers of dg generates the
row polynomials of the Pascal triangle, the triangle of binomial coefficients A007318, since

1 _ 1 _ o 1 _ _ 1
dotz+z?+x3+zt+z5+... = do++2 (1 .ZB) do(1—z)+z — (1 CL’) do+(1—do)=

1—x

- 1(11,_037 1_,{_(1]:110)1_ = 1d_0m nzo(_l)n(%)n(l - do)”az”
0

= d_lo + % anﬂ(—l)”(%)”(l —dy)" — (_1)77,—1(%)71—1(1 . do)n—l]xn
— % + % ZnZl(_l)n_1<%)n_1(1 o do)n_l[—% . 1]%‘”

= 3+ Zus (CDM () A = do)n e

Appendix:

Introducing a general linear coefficient o

Thanks to Schur, we have a self-convolution relating the coefficients ¢» of the Laurent series
jz)=z+a+2+G+--
to the coefficients of the Laurent series

§(_1)(2)=Z+51+%+§—%+---_


https://oeis.org/A007318

)"

D”Jr0 (14-¢c1 z+EozZ 4
n

RZ-H _ DnJr(} ()™ _
T (n41)! n T (n41)!

C3 4 ...

I\

Nt

For a general non-vanishing ¢o, let
—z+01/00+%+c?’z#+--- :z+61+%2+

and
GV =24+ 2+ 4

Then
g(z2) =cozta+ 2+ S+
and

gV (2) =gV (2/co) = —z+b +c°b2+cob3+ =boz + b1 + 2 +

where
— 1
by = ”
C
oy 2).

and, forn > 1
_ v m—1%
Cn)_co bn (00’00

bn(Co,C1y ey Cp) = Co_lgn(él,ég, )
Then
h=hi() =~
and, for n > 0,
'7cn+1) = Cg RSH(EZ Do) Cg 771-0-1(617627 .,én+1)’

—bn+1(Co, C1,

implying

b
z_%+’



DI (14eia4...+En 1z

—bnt1(co; 1, s Cnp1) = ¢ 55 n
_ Dy (cotermtteppiz " DiFy (h(z)™
= (n+1)! n — n+1)! T n

with

h(:c) =cy+Cc1x—+.... + Cn+1x"+1 4.

The self-convolutions lead to

(co+c1 m+02m2)1

=co+cCc1x+ CQ$2

and —b2 = ca;

(co+ea x+ch2—|—63x3)2
2

= c3/2 + cocrx + (2 /2 + coea)x? + (c1eo + coez)a® + - -
and —b3 = cica + cocs

(co+eca x+czx2+03m3—|—04x4)3
3

=c3/3+ cEerr + (coc? + cEea)x? + (¢33 + 2¢cocacy + ciez)a®
+ (c2¢? + 2cpescy + cocd + cAeg)at + - -
and —b4 = cact + 2cpezer + coch + cjca - ang
5)4

(co+eca zt+cox’+esxdtesrttesz
4

=c3/d+ ...+ (coc + 3c3cact + c3ez)x® + (¢ /4 + 3cocact + 3cdcser + 3/2¢3c3 + ciey)x?
+ (263 + 3coesct + 3epcier + 3cieacy + 3c3eacs + cies)a® + - -

and



—by = 3
= cocy + + + + +
2C3 + 3coesc? + 3cpcd 2
ocsc1 + 3cicacy 3c?
0C2C3 6865.




