Conjugate Appells for the Catalans

Tom Copeland, Los Angeles, Nov. 29, 2021

First set of conjugates with the parent function B(t) =t —t°

Using the notation and identities of the my previous two blog posts on conjugation and umbral
calculus, let the parent function and its compositional inverse be

B(t) =t — 2,
and

B(_l)(t) — 1— 21—475.

Then the e.g.f.s for the moments of the associated Appell sequence and its conjugate are

2
A(t):%:%_t:ea-t:1+t+2!t2—!+---

and

A(t) _ B(j)(t) _ 1—\/21—4t _ pat

—1+4t+2 Catyly +2! Catsls + -

The conjugate set of moments are the factorials @n = n! and the quadruple factorials (cf.
A001813) @n = (2n)!/n! = n! Caty \where Catn are the Catalan numbers of A000108,

_ T
[Cat] =[1,1,2,5,14,42, .]" (These are also simply related to the perfect matchings of the
vertices of the n-simplices / hypertriangles / hypertetrahedrons.)

The binomial Sheffer polynomial sequence associated with the parent function has the e.g.f.
eB- ()t _ pxB(t) _ ca(t—t?)

with the coefficient matrix [B] = padded A119275 (by padded | mean an extra initial row and
column of all zeros except Bo,0 = 1as s true for all canonical binomial Sheffer sequences).


https://oeis.org/A001813
https://oeis.org/A000108
https://oeis.org/A119275

The umbral inverse binomial Sheffer polynomial sequence has the e.g.f.

eB-(@)t — g2B(t) — gzBTV () = exp(x( = 21_4t))

and the coefficient matrix [B] = [BC 1] = [BI™" = padded A119274.
The associated Appell polynomial sequence has the e.g.f.

eA.(m)t — A(t) eTt — 1 eTt — @t ot

1—t ’

and the coefficient matrix for the row polynomials An(z) = (a. + )" js [A] = A094587.
The conjugate Appell polynomial sequence has the e.g.f.

A (x)t _ A xt _ 1—y/1—-4t
eA@t = A(t) e b=

et = ed.t ea:t.

The coefficient matrix for the row polynomials An (%) = (@. + )" is not in the OEIS.

The conjugate identities discussed in the two previous posts and in the MathOverflow question
"Combinatorial proof of a matrix equation" lead to a formula for self-convolutions of the Catalan
numbers.

The e.g.f. of the binomial convolution of two moment sequences is

eal.teaQ.t — e(a1.+a2.)t — ebc.t

with the binomial convolution explicitly (and laboriously, for the sigma purists) given by

(be)™ =bey, = (al. +a2.)" =37 (V) alk a2y,

and the convolution of the two sequences @1, = n! Nal, and a2, = n! Na2, has the o.g.f.

1 1 1

1—-Nc.t = 1—Nal.t 1—Na2.t

with

Ncn = ZZ:O Nalk Na2n_k,


https://oeis.org/A119274
https://oeis.org/A094587
https://mathoverflow.net/questions/409151/combinatorial-proof-of-a-matrix-equation

corresponding to the multiplication of 0.g.f.s.

Note the potential pitfall in interpreting self-multiplication of an e.g.f. as
A2(t) _ A(t)A(t) — etteat — o(a.ta)t — S2a.t

THIS IS FALSE. The umbral evaluation should come before multiplying the umbral rep of the
e.g.f. by itself, not after; this is,

A(t)A(t) — (ea.Dwzoext) . (ea.Dwzoewt)
?é ea.DgC:Oextemt — ea.D,C:Oeth — €2a.t.

However, in this case, treating the same umbral character as two distinct umbral characters al.
and a2., reducing the equation to an identity between analytic series, next lowering the
exponents (@1.)™ = aly ang (a2.)™ = a2m  and then finally letting alx = a2k = ax (this
process) gives the correct result. Following this last procedure, self-convolution explicitly gives

AQ(t) — A(t)A(t) — (ea.szoea:t) ) (ea.szoext) — elal.+a2.)t

n

= ano(al- + QQ')H% = ano(zzzo (Z) aly a2n—k) 7;1_'

n

= ano(zzzo (Z) ak An—k) f@_'
= ano(Z}Z:o % %) t" )
Consequently, the e.g.f. of m self-convolutions of the Catalan numbers is given by

MC(t) — emet — (A(t))m—l—l _ (1—2—@),714_1

where mc. is a single umbral character for the Taylor series coefficients of MC(t) and

k _
(me.)” =mep #m - ey , but this is just the moment e.g.f. of the Appell sequence e.g.f.

eMC.(m)t — e(mc.—}—m)t — MC(t) eTt — (1—\/21—4t)m+1 ext

’

m—+1

which has the coefficient matrix [MC] = [A] with the first column [7c] having the

elements



(m)
me, = MC,(0) = Ca%

with C’atﬁlm) the n’th element of the m 'th self-convolution of the Catalan numbers Caty, .

Then the conjugation relation
[A]" = [B] A [B]
leads to

[mc] = [B]~ a4 V],

where [a(m+1)] has the e.g.f.

(m+41)
a. t __ 1 _ —(m+1
¢ — (1—z)m*+l — (1 - 33) ( )7

SO

alm ) = I () (m+ 1)

m/! ,

and

Caty™ = men.,

Numerical checks for the first few rows of the matrix equation agree with expansions of the
associated e.g.f.s and the corresponding OEIS entries, giving for the first self-convolution the
shifted Catalan numbers with the initial one removed and, for the second, shifted A000245 with
the first zero removed.

As an illustration and sanity check;


https://oeis.org/A000245

B.(z)t 1=v1=dtyy

from the e.g.f. e = el

A

[BCV]=[B]! = [B] —

1
0 1
0 2 1
0 12 6 1

_0 120 60 12 1_

[a®)] —

_ {—1 _
3=3
12=6-2! ,
60 = 10 - 3!

_360:15-4! ]

and

[B]7[a®] = [a®] —

1=1
3=3
18=9-2!
168 = 28 - 3!
2160 = 90 - 4!

(3) _ (n+2)!

(n+2)! -3
with 42 = 21 | the Taylor series coefficients for (1-1) .

The associated e.g.f.s give

(A1=48)3 — 1 4 3¢ 4 912 4 2813 4 90t + - - -



— 1+ 3t + 185 + 1685, + 21604, + - --

(cf. A000245)

and

(1—1t)"3=1+3t+6t>+10t3 + 15t* + - - -

=143t + 125 +60%; +360% +-- -,

giving the third diagonal and column of the lower triangular Pascal matrix AO07318.
This all agrees with the functional composition rep
A(t) = A(B(t)) = A(BED (1))

)
=20 = 5@ =) = AW L=,

SO

MC(t) = (A1) = AL (B(#)) = A™HH(BED(1)

(-1
= (Bf(t))qu = (ﬁ)mﬂ |t:B(*1>(t) = A7 (t) |t:B(*1)(t)7
(t)

and this has the matrix conjugation rep

[MC] = [B]~'[A]"[B].

Second set of conjugates with the parent function B(t) = v

I'm now going to introduce a new parent function and another conjugation relation involving also
the permutation matrix A094587, so | need to relabel the matrices above.

Above the first parent function

B(t) =t —t> = BCY(t)


https://oeis.org/A000245
https://oeis.org/A00731
https://oeis.org/A009458

with the inverse

BED(t) = =1 = BO(t)

related to the Catalan numbers A000108,

is used to relate the Appell Permutation matrix
[A] = [AP] | p094587,

associated with the Appell moment e.g.f.

At) = g = 75 = AP(t)

B(t) — 1-t¢

to the Appell Catalan matrix

[A] = [AC]

associated with the conjugate Appell moment e.g.f.

Aty = B0 = 11T 41

t

as a conjugate pair via conjugation with the Binomial Catalan matrix

[BEV] = [BC] padded A119274:
that is, the conjugation relation
[AP] = [BC]~}[AC][BC]

Is derived above.

Several years ago, | established also another conjugation relation using
the second parent function

B(t) = = BL(=1D(t)

t
T+t ,
associated with the signed Lah polynomials, or normalized Laguerre polynomials of order -1,

with the inverse


https://oeis.org/A000108
https://oeis.org/A094587
https://oeis.org/A119274

BED(t) = & = —B(—t) = BL(1)

With this new parent function, we have the new associations

A(t) = B2 L — AP(t)

t —

Alt) = gy =1+t =AT(t)

for which AT is the 'acronym' for Appell 1+T serving as a mnemonic for suggesting only the
first two moments--the constant term and the coefficient for the linear term ¢ = I"--are nonzero
for this Appell sequence. Then

[AP] ,
and

[ATT | unsigned A132013 ,

are a conjugate pair with respect to the binomial Lah matrix

[BL] | unsigned A111596
with the e.g.f.
BTV Mz _ o—B(—t)r _ 757 _ BL.(2)t _ eBL(t)z

Note that

[BL]™" is a signed version of [BL]

with e.g.f.

Bz _ o7 _ —BUV(—t)x _ ,—BL(-t)z _ e~ BL-(=2)t.

so the row polynomials of

[BL~! = [BI]


https://oeis.org/A132013
https://oeis.org/A111596

are
BLy(%) = (~1)" BL,(~x).

Then the conjugation relation

becomes for the new parent function the new conjugation relation
[AP] = [BL][AT|[BL]~*.

Consequently,

[BC]~HAC][BC] = [BL][AT][BL]™"

and

[AC] = [BC[BL][AT][BL]~*[BC]™*

or

[AT] = [BL]~'[BC]~'[AC]|BC||BL).

The product of coefficient matrices for any two Sheffer sequences, [S12] = [S1][S2] ,

corresponds to the umbral composition 512, (z) = 51,(52.()) . For two binomial Sheffer
sequences, we have

B12,(x) = B1,,(B2.(z))

and

eTB12(t) _ oB12.(x)t _ ,B1.(B2.(x))t _ ,B2.(z)B1(t) _ oaB2(B1(t))
SO

B12(t) = BQ(Bl(t))_

Consequently, the binomial coefficient matrix



[BCL] = [BC|[BL)]

has the e.g.f.

eBCL.(x)t BCL(t)x

=€

with

BCL(t) = BL(BC(t)) = {25805 = 52, ., (BC(1)"

1=y 4t t(l—\/1—4t)2
1-1=I=3 T 1/ 2t

_1-vi—dt g
= 2t

=t + 22 + 5t3 + 14¢* 4 42¢° + 1325 + - - - |

which is the o.g.f. of the Catalan numbers minus one,

with inverse
BCLV(t) = BCCY(BL™(t))
= BOUD(=BL(~1)) = (-BL(=1)) = (=BL(~t))’

_ ot 2t
1+t (1+6)2 = (1+t)2

with the associated matrix rep

[BCL(-Y] = [BCL|"' = [BL]~'[BC]~ ..
Reducing

[AT] = [BL|~'[BC|~'[AC][BC|[BL]
gives

[at] = [BL]'[BC]| [ac] = [BCL] '[ac].



Now for a sanity check with numerics:

BT t
— 5 T
From the e.g.f. eBCL (@)t — cTGn2™

1
0 1
0 -4 1 ,
0 18 -—12 1
[BCL]"' = [BCL] — [0 —96 120 —24 1]
1=1 ]
1=1
4=2.9 ,
30 =5-3!
lac] — |336 =144 |

i.e., AO0O1761,
and
]
1
0o |,
0
[at] — _0 i

which agree numerically with calculations from the reduced matrix equation.

For another spot check, from the e.g.f. POt = eXP((l_z—\/i__élt - 1)33),
g -
0 1
0 4 1 ,
0 30 12 1
[BOL] — |0 336 168 24 1]

—1
which agrees numerically as the inverse of the submatrix for [BCL]™ above and is consistent
with

[ac] = [BCL][at].


https://oeis.org/A001761

For easy reference:

from the e.g.f. eBC- @t = ¢(*=2=)% for padded A119274,
[BC|] =—

g ;

0 1

0 2 1

0 12 6 1

0 120 60 12 1

=y t—t2)x
from the e.g.f. eBC (a)t=e"1" g0 padded A119275,

[BC|~! = [BC] —

1

-2 1

0 -6 1

0 12 —12 1

OO OO

from the e.g.f. eBL-(®)t = (+=)% for unsigned A111596,

[BL] —

_1 i
0 1

0 2 1 ,
0 6 6 1

0 24 36 12 1]

from the e.g.f. eBL-@)t = o(T52)7 for A111596,

[BL|~* = [BL] —


https://oeis.org/A119274
https://oeis.org/A119275
https://oeis.org/A111596
https://oeis.org/A111596

1

0 1

0o -2 1
0 6 —6
0 —24 36

from the e.g.f. €

[AC] —

1
1
4=2-2!
30=5-3!
336 = 14 - 4!

—12 1]

1

2 1
12 3 1
120 24 4 1]

1

AC.(x)t __ 1=+/1—-4t _xt
= ¢

with the first column of normalized Catalan numbers,

from the e.g.f. €7@ = (1+1) €™ tor unsigned A132013,

[AT] —

(il el

OO N =
S W
Ny

6AP.(:):)t —

and, from the e.g.f.

[AP] —

1

1 1

2 2 1

6 6 3

24 24 12 4 1

1

1
1— €

xt

for A094587, the permutation matrix,


https://oeis.org/A132013
https://oeis.org/A094587

Note that [A7] with the first subdiagonal negated is the inverse matrix of the Appell
permutation matrix [AP]



