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Slipping between dimensions can often simplify a problem. A fundamental example is 
side-stepping off the real line to the complex plane to find the zeros of a polynomial. In the 
cases I have in mind, this jump amounts to aerating a matrix, i.e., adding interleaving zeros, and 
recognizing the matrix could be the alternating rows/polynomials of an Appell matrix made up of 
the coefficients of an Appell sequence of polynomials, a matrix that can be represented by 
diagonal multiplication of the Pascal matrix by a column vector with alternating zeros. This 
allows us to easily find an analytic expression for the matrix inverse and to reveal algebraic and 
differential relations among the columns and rows of the matrix that are not transparent 
otherwise. 

 Example I: A086645 

 

Consider the first few rows of OEIS A086645 

 

 

This matrix is embedded in the masked Pascal triangle A119467 

 

where the diagonal dots represent multiplication of the diagonals of the lower triangular Pascal 

matrix  (A007318) by respective elements of the column vector  with e.g.f. . 
Illustrating with just the first few rows,  A119467 is 

 

https://oeis.org/A086645
https://oeis.org/A086645
https://oeis.org/A007318
https://oeis.org/A119467
https://oeis.org/A119467


 

with the e.g.f. . 

Removing alternating rows and interleaving zeros gives our initial matrix , the even 
deaerated rows of , beginning with 

 

with the even power generating function 

 

The e.g.f. for  is  in umbral notation where , and the e.g.f. for the 
resulting matrix  is 

  

The e.g.f. for the inverse matrix is given by the matrix that satisfies 

 

where  is the identity matrix with the associated e.g.f. . 

This orthogonality relation is satisfied by the lower triangular matrix whose e.g.f. is 

 

Then  



 

This can all be proven using the infinitesimal generator for the Pascal matrix--its first 
subdiagonal, or by observing that matrix multiplication of lower triangular matrices is equivalent 
to umbral composition of the associated row polynomials. The matrix multiplications are 
equivalent to 

 

which holds iff, equivalently, 

, 

, or 

 

where the Kronecker  is one for  and otherwise zero.  

The umbral compositional perspective gives, with the row polynomials  and 

, the umbral inverse relation 

, 

which, again, must be satisfied for the matrices  and  to be an inverse pair. Note that the 

; i.e.,  is the lowering op for the Appell sequence  (in fact, for 

any Appell sequence, including ). 

(This can be extended to other fundamental matrices that are factorial matrices similarly 
generated by their first subdiagonal, such as the Lah-polynomial matrix, the matrix of the 
normalized Laguerre polynomials of order -1. See the next post.) 

Back to our problem where , so 

 

and then the components of  are aerated A000364, the signed Euler, or Zig, numbers, with 
e.g.f. 

 

https://oeis.org/A000364
https://oeis.org/A000364


 

giving the inverse matrix A119879 

 

 

 

 

with e.g.f.  

the coefficients of the Swiss-knife polynomials, related to the Euler, Bernoulli, tangent, and 
Eulerian numbers, and the f- and h-vectors of the permutahedra and stellahedra (and, therefore, 
enumeration of positroids/totally positive Grassmannians), and ... .  

 Removing alternating rows and interleaving zeros gives  the matrix inverse A086646 

 

with the even power generating function 

 

https://oeis.org/A119879
https://oeis.org/A119879
https://oeis.org/A086646
https://oeis.org/A086646


In addition, the Appell generalization also allows us to easily obtain the differential lowering op 

for the row polynomials  of  and  from the lowering op  of the Appell row 
polynomials of  as 

  

This differential relation holds for the row polynomials of any matrix analogous to  and its 
inverse.  

A raising op  for the row polynomials of  and, with a change in the overall sign of the 

differential part, that for its inverse  such that  is 

 

 

with coefficients A000182, the tangent, or Zag, numbers with a whole slew of relations to 
quantum algebras, integrable systems, and the usual suspects associated to the Bernoulli 
numbers and the Riemann zeta. 

The analysis above applies equally well to the deaerated odd rows of , the matrix A1003327 
starting with 

 

with odd power generating function 

 . 

Its inverse is comprised of the dearated odd rows of , the matrix A104033 beginning with 

 

with odd power generating function 

http://oeis.org/A000182
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A lowering op for the row polynomials of  and  is given by  

 

 

Deaerated A119879 begins as 

 

Combining the generating functions for  and , we have the e.g.f. for  

 

The lowering ops for the even and odd rows are respectively given by  

  

and 

 

 

 

 

 

 



Deaerated , A119467, begins as A109446 (reversed A034839) 

 

Combining the generating functions for  and , we have the e.g.f. for this matrix 

 

The lowering ops for the even and odd rows are the same as those just above. 

 

The initial matrix , A086645, appears as coefficients of the bivariate polynomials in  and  
defined by the numerators of the series expansion in  of 

 

 

 

 

 

where  could be one of the siblings of Riemann's imaginary friends--the shy, 

non-critical quadruplets of the Riemann zeta function. With , , and 

, the numerators are expansions of  in powers of cosine and sine of . 
This follows from using the polar coordinate rep for complex numbers, i.e., Euler's magic 
formula (or, de Moivre's formula), another generalization to an additional dimension that often 
simplifies analysis. Titchmarsh investigated such trig relations in relation to the zeros of Laplace 
and trig transforms (see "The zeros of Fourier transforms" by Dimitrov and Rusev). The critical 
zeros performing on the tightrope correspond to  and a factor of 2 rather than 4.  



 

 represents contributions of the hypothetically imaginary quadruplets to the differential 
part of the raising op associated to the Appell sequence e.g.f. 

 

where  is the Riemann-Landau xi function. The contribution to   of conjugate zeros 

on the critical line of the Riemann zeta function and, therefore, the real zeros of , have the 

form . 

The Laurent series expansion of  about  infinity is 

. 

So, the masked Pascal matrix is somewhat important in log differentiation of product 
formulas of functions since it encodes the geometry and  combinatorics of the interplay between 
the real and imaginary parts of conjugate pairs of zeros (and simple poles) in power sums of 
their reciprocals.  

 


